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Abstract. For a class of negative slowly decaying potentials, including V{x) := 
— 7|x|~'' with < fi < 2, we study the quantum mechanical scattering theory 
in the low-energy regime. Using modifiers of the Isozaki-Kitada type we show 
that scattering theory is well behaved on the whole continuous spectrum of the 
Hamiltonian, including the energy 0. We show that the S-matrices are well- 
defined and strongly continuous down to the zero energy threshold. Similarly, 
we prove that the wave matrices and generalized eigenfunctions are norm con- 
tinuous down to the zero energy if we use appropriate weighted spaces. These 
results are used to derive (oscillatory) asymptotics of the standard short-range 
and DoUard type S— matrices for the subclasses of potentials where both kinds 
of S'-matrices are defined. For potentials whose leading part is — 7|x|~'' we 
show that the location of singularities of the kernel of 5(A) experiences an 
abrupt change from passing from positive energies A to the limiting energy 
A = 0. This change corresponds to the behaviour of the classical orbits. Un- 
der stronger conditions we extract the leading term of the asymptotics of the 
kernel of ^(A) at its singularities; this leading term defines a Fourier integral 
operator in the sense of Hormander IHo4l . 
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1. Introduction and results 

Scattering theory of 2-body systems, both classical and quantum, both short- and 
long-range, is nowadays a well understood subject [Ho2[ HIl lIKli IIK21 1 Ya2[ IDG] . In 
particular, for large natural classes of potentials we know a lot about the properties 
of wave and scattering matrices at positive energies. Zero - the only threshold 
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energy - in most works on the subject is avoided, since scattering at zero energy is 
much more difficult to describe and strongly depends on the choice of the potential. 

In this paper we consider a class of potentials that have an especially well be- 
haved, nontrivial and interesting low energy scattering theory. Precise conditions 
used in our paper are described in Subsection [21 Roughly speaking, the potentials 
that we consider have a dominant negative radial term Vi{x) similar to — 7|a;|~^ 
with 7 > and < /Lt < 2, plus a faster decaying perturbation. 

Similar classes of potentials appeared in the literature already in [Gej . A system- 
atic study of such 2-body systems at low energies was undertaken in |FSj . where a 
complete expansion of the resolvent at the zero-energy threshold was obtained, and 
in [DSl , where classical low-energy scattering theory was developed. This paper 
can be viewed as a continuation of |FS[ IDS1| . 

In this paper we show that quantum scattering theory for such potentials is well 
behaved down to the energy zero. In particular, we study appropriately defined 
wave matrices and scattering matrices for a fixed energy. We show that they have 
limits at zero energy. Our results were partly announced in [DS2j . 

For positive energies most (but probably not all) of our results are contained in 
the literature, scattered in many sources. Our material about the zero energy case 
is new. 

In the introduction we will first review scattering for positive energies for a rather 
general class of potentials. Then we will describe a simplified version of the main 
results of our paper, which concerns scattering at low energies for a more restrictive 
class of potentials. 

1.1. Classical orbits at positive energies. For the presentation of known results 
about positive energies we assume that the potentials satisfy the following condition: 

Condition 1.1. V^ = Vi+V3isa sum of real measurable functions on M"^ such 
that Vi is smooth and for some /i > 0, 

d^Viix)^0{\x\-''~\"\), \a\>0, (1.1) 

V3 is compactly supported and V3{Hq + 1)^^ is a compact operator on the Hilbert 
space L'^{R'^). Here Hq := 2"^^ with p := -iV^. The Hamiltonian H = Hq + V 
does not have positive eigenvalues. 

Let us first consider the classical Hamiltonian hi{x,£,) :— -I- Vi{x) on the 
phase space R"^ x M"^, using ho{x,£,) := as the free Hamiltonian. (The analysis 
of the classical case is needed in the quantum case) . One can prove that for any 
^ S W^, ^ 7^ 0, and x in an appropriate outgoing/incoming region the following 
problem admits a solution (strictly speaking, meaning one solution for t +00 
and one for t — s- —00): 

(y{t)^-^V,{y{t)), 

lyi±l)^x, (1.2) 
= limt^±oo?)(t). 

One obtains a family [t, x, £,) of solutions smoothly depending on parameters. 
All (positive energy) scattering orbits, i.e. orbits satisfying lim(^±oo \y{t)\ = 00, 
are of this form (the energy is A = ^C^). Using these solutions, in an appropri- 
ate incoming/outgoing region one can construct a solution (j>^{x,^) to the eikonal 
equation 

^{V,cj^^ix,Oy + V,ix)^le (1.3) 
satisfying S/^tjy'^ix,^) = y{±l,x,^). 
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1.2. Wave and scattering matrices at positive energies. Let us turn to the 
quantum case. Following Isozaki-Kitada, see |IKlj . |IK2| . |Ya2| and [RYj . one can 
use the functions (p^{x,£,) in the quantum case to construct appropriate modifiers, 
which can be taken to be 

J±/(x) (27r)-'^y e'^*(^'«)-'«-%±(a:,0/(y)da;de. (1.4) 

Here a^{x, ^) is an appropriate cut-off supported in the domain of the definition of 
(f>^ , equal to one in the incoming/outgoing region. Then one constructs modified 
wave operators 

W^f:^ lim e'*-f^J±e-'*-^°/, / e Ce(M''\{0}), (1.5) 

and the modified scattering operator 

S^W+*W-. (1.6) 

We remark that are isometric with range given by the projection ont the 
continuous spectrum of H 

(Whence S is unitary). 

The free Hamiltonian Hq can be diagonalized by the direct integral 

/•oo 

Wo - / ®L\S''~^)dX, (1.7) 
Jo 

^o(A)/(c.) = (2A)('^-2)/V'(V2Ac.), / e L'iW''). (1.8) 

Here / refers to the d-dimensional Fourier transform. The operator J^o{X) can be in- 
terpreted as a bounded operator from the weighted space L^'*(M'^) :— (x)~^L^(K''), 
s > i, to L^{S'^~^). One can ask whether the wave and scattering operators can 
be restricted to a fixed energy A. 

This question is conceptually simpler in the case of the scattering operator 5". 
Due to the intertwining property W^Hq = HW^ it satisfies SHq = HqS, so 
abstract theory guarantees the existence of a decomposition 

/ ®S'(A)dA, 

^]0,oo[ 

where S'(A) are unitary operators on L^(S''*~^) defined for almost all A. One can 
prove that under Condition 11.11 S{X) can be chosen to be a strongly continuous 
function (which fixes uniquely S{X) for all A g]0, oo[). S'(A) is called the scattering 
matrix at the energy X. 

The case of wave operators is somewhat more complicated. By the intertwining 
property it is natural to use the direct integral decomposition (|1.7p only from the 
right and the question is whether we can give a rigorous meaning to W^J-o{X)*. 
Again, under the condition (|l.ip one can show that there exists a unique strongly 
continuous function ]0, oo[9 A i-^ W^{X) with values in the space of bounded 
operators from L'^{S'^-^) to L'^--%R'^) with s > i such that for / e L^.s^j^d) 

W^f= f W^{X)To{X)fdX. 

J]0,oo[ 

The operator W^{X) is called the wave matrix at energy X. One can also extend 
the domain of W^{X) so that it can act on the delta-function at cj e 5"^^^, denoted 
6^. Now w±(w, A) := W^{X)6^ is an element of L^^-p{W^) for p > f . It satisfies 

(^-Ia + V{x)~X^w'^{uj,X)^0. (1.9) 
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It behaves in the outgoing/incoming region as a plane wave. It will be called the 
generalized eigenfunction of H at energy X and at asymptotic normalized velocity 
uj] this terminology is justified in Subsection 11.41 



1.3. Short-range and Dollard wave and scattering operators. Let us recall 
that (jl.Sp and (|1.6p are only one of possible definitions of wave and scattering 
operators. In the short-range case, that is /i > 1, the usual definitions are 

W±/ := hm e'*^e-"««/, (1-10) 

r— !-±oo 

Ss, W+*W-. (1.11) 

The operators and differ by a momentum-dependent phase factor: 

= W^e'^^'^P\ (1.12) 
S = e-"^i(f)S',re"^-(P^ (1.13) 
Similarly, in the case /i > ^ one can use the so-called Dollard construction: 

W^oJ 1™ e'*^C^doi(i)/, (1-14) 

r — >±oC' 

Udoiit) := e"'-/'o(f'/2+^('*P'ifi=J'i£«o})ds, i?o > 0, (1.15) 
Analogously, we have 

5- ^ e-"^i>i(P)S'si.e"^d"oi(p). (1.18) 

1.4. Asymptotic normalized velocity operator. The reader may ask why , 
, Wj^j are all called wave operators. In fact, it is natural to define a whole family 

of wave operators associated with a given Schrodinger operator. In this subsection 
we briefly describe a possible definition of this family, following essentially |De[IDGj . 

Suppose that V satisfies (jl.ip (or even much weaker conditions). Then it can be 
shown that there exists the following operator: 

v± := s - ^ lim ±e'*"xe~'*"lc{H), x = |f| . (1.19) 

can be called the asymptotic normalized velocity operator. It is a vector of 
commuting self-adjoint operators (on the space lc{H)L'^{M.'^)) satisfying 

{v^f = UH), [v^,H] = 0. (1.20) 

We say that is an outgoing/incoming wave operator associated with H if it is 
isometric and satisfies 

W^Hq^ HW^, W^p = v^W^, (1.21) 

where P = |f| • 

Note that if and W2 are two wave operators associated with a given iJ, 
then there exists a function ij}^ such that 

= VK2±e"^*(P^ (1.22) 

Therefore, scattering cross-sections, which are usually considered to be the only 
measurable quantities in scattering theory, are insensitive to the choice of a wave 
operator. 

It is easy to show that , , W^^y are all wave operators in the sense of the 
above definition. We also note that for the wave operators the corresponding 
generalized eigenfunctions, see (|1.9p . jointly diagonalize H and . 
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1.5. Low-energy asymptotics of classical orbits. In the remaining part of tiie 
introduction we consider a more restricted class of potentials. To simplify the 
presentation, in this introduction let us assume that the potential takes the form 

V{x) = -^\x\-^ + 0{\x\->^~^), (1.23) 

where G]0,2[ and 7, e > 0. For derivatives, assume that {V{x) +7|a;|~'') = 
0(|a;|~'^~'^~l''l). Compactly supported singularities can be included. 

For potentials satisfying (|1.23p we would like to extend the results described in 
Subsection 11.11 down to the energy A = 0. To this end we change variables to "blow 
up" the discontinuity at A = 0. This amounts to looking at ^ = \f2\u) as depending 
on two independent variables A > and uj E S'^^^. It is proven in [DS1| that for 
any uj £ S'^^^, A £ [0, oo[ and x from an appropriate outgoing/incoming region 
there exists a solution of the problem 

(y{t) = -^V{y{t)), 

(1.24) 



y(±l) = x, 

^uj = ±\imt^±oo y{t) /\y{t)\. 

One obtains a family y^{t, x, uj, A) of solutions smoothly depending on parameters. 
All scattering orbits are of this form. Using these solutions one can construct a 
solution (j)^[x,u},X) to the eikonal equation 

i(V,0±(a;,c^,A))' + y(x) = A (1.25) 

satisfying Wx4'^ {x, ui, A) = y{il, x, ui, A). 

1.6. Low-energy asymptotics of wave and scattering matrices. In the quan- 
tum case, we can use the new functions cj)^ {x,uj, A) in the modifiers J* , which lead 
to the definitions of the wave operators and the scattering operator S. We 
can also improve on the choice of the symbols a^{x,^) by assuming that in the 
incoming/outgoing region they satisfy the appropriate transport equations. 

The main new result of our paper about wave matrices can be summarized in 
the following theorem: 

Theorem 1.2. There exists the norm limit of wave matrices at zero energy: 

W^iQ) = lim W^{\) 

in the sense of operators in B{L'^{S'^^^),L^'^'^{R'^)), where s > ^ + ^. 

The operator VF^(O) can be called the wave matrix at zero energy. We can 
introduce u'^(a;,0) := W^{Q)5u}, called the generalized eigenfunction of H at zero 
energy and fixed asymptotic normalized velocity uj. It belongs to the weighted space 
L^'~P(R'') where p> f + f - x- ^^^^^ show weighted L^- bounds on its 
w-derivatives. 

It is interesting to note that the behaviour of the generalized eigenfunction 
ui^(a;,0) depends strongly on the dimension. In dimension 1 it is unbounded, 
in dimension 2 it is almost bounded and in dimension greater than 2 it decays at 
infinity (without being square integrable). 

The main result of our paper about scattering matrices reads 

Theorem 1.3. There exists the strong limit of scattering matrices at zero energy 

5(0) = s- lim 5(A) 

in the space B{L'^{S'^^^)). This limit 5(0) is unitary on L'^{S^^^). 
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We remark that neither W{X) nor 5(A) are smooth in A > at the threshold 0, 
which can seem somewhat surprising given the fact that the boundary value of the 
resolvent i?(A + lO) = {H — A — iO)~^ (interpreted as acting between appropriate 
weighted spaces) has this property (see |BGS| for explicit expansions in the purely 
Coulombic case). 

1.7. Geometric approach to scattering theory. There exists an alternative 
approach to scattering theory, based on the study of generalized eigenfunctions. It 
allows us to characterize scattering matrices by the spatial asymptotics of general- 
ized eigenfunctions. It was used in particular in Vasy [Val| or [Va2i Remark 19.12]. 
We shall study this approach, including the case of the zero energy, in Subsection 

1.8. Low energy asymptotics of short-range and Dollard operators. Let us 

stress that the existence of the limits of wave and scattering matrices at zero energy 
is made possible not only by appropriate assumptions on the potentials, but also 
by the use of appropriate modifiers. Wave matrices (A) defined by the standard 
short-range procedure, as well as the Dollard modified wave operators M^doj(A), do 
not have this property. They differ from our (A) by a momentum dependent 
phase factor that has an oscillatory behaviour as A \ 0. In particular, 

W^iX) = T4^±(A)cxp (iO(A^"m)^ , l<//<2; (1.26a) 
W^^iiX) ^ M^±(A)exp(iO(A-MnA)) , = 1; (1.26b) 

^LW = W^{X)exp (lO(A^-i)) , ^ < < 1- (l-26c) 

We remark that oscillatory behaviour similar to (|1.26ap was proved in [Yalj in 
the one-dimensional setting. 

1.9. Location of singularities of the zero energy scattering matrix. A re- 
current idea of scattering theory is the parallel behaviour of classical and quantum 
systems. One of its manifestations is the relationship between scattering orbits at 
a given energy and the location of singularities of the scattering matrix. 

In the case of positive energies the relationship is simple and well-known. To 
describe it note that scattering orbits of positive energy have the deflection angle 
that goes to zero when the distance of the orbit to the center goes to infinity. In 
the quantum case this corresponds to the fact that the integral kernel of scatter- 
ing matrices S{X)(u},uj') at positive energies A are smooth for uj lu' and has a 
singularity at lo — u' . 

This picture changes at the zero energy. For potentials considered in our paper, 
the deflection angle of zero-energy orbits does not go to zero for orbits far from 
the center. The angle of deflection is small for small /i and goes to infinity as /i 
approaches 2. 

For the strictly homogeneous potential, V{r) = —'yr~^, one can solve the equa- 
tions of motion at zero energy. The (non-collision) zero-energy orbits are given by 
the implicit equation (in polar coordinates) 

sin(l-f)^(0 = (^)""', (1.27) 

see [DSli Example 4.3]. Whence the deflection angle of such trajectories equals 
~2^- In particular, for attractive Coulomb potentials it equals — tt, which cor- 
responds to the well-known fact that in this case zero-energy orbits are parabolas 
(see [Nel p. 126] for example). 

One of the main results of our paper is a quantum analogue of this fact: 
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Theorem 1.4. The integral kernel of the zero-energy scattering matrix S{0){uj, lo') 
is smooth away from lu,uj' satisfying lu ■ w' = cos ^z^- 

Note that this fact was known before in the case of Coulomb potentials, at least 
in dimension d > 3. In this case S'(O) — e"^P, where {Pt){uj) — t(— w). Moreover in 
this case one can compute (using special functions, see Yafaev |Ya3j for an explicit 
formula) 

5doi(A) =e'^"''{^^i"^+^^+°(^")>(P + o(A")). (1.28) 

1.10. Type of singularity of the scattering matrix. Let A be the operator on 
2^2^^d-i-j g^gjj ^]^g^^ — (^1^(1^2 — l)Yi, where Y; is a spherical harmonic of order 
I. Alternatively, it can be introduced as follows: 

A:= v/i2 + _ 1)2^ 

where 

— y ^ L~j, iLij — Xidxj — Xjdxi- 

l<i<j<d 

Note that, for any 9, the distributional kernel of e'^^ can be computed explicitly 
and its singularities appear at uj ■ ui' = cos 0. This is expressed in the following 
result: 

Proposition 1.5. e'^^ equals 

(1) cel, where I is the identity, if 9 ^ ixTL; 

(2) ceP, where P is the parity operator, if 9 G 7r(2Z + 1); 

(3) the operator whose Schwartz kernel is of the form cg{LJ ■ io' — coa9 + iO)~^ 
if 9 G]7r2/c, 7r(2fc + 1)[ for some k G Z; 

(4) the operator whose Schwartz kernel is of the form cg{LU ■ lo' — cos0 — iO)~2 
if 9 e]7r(2A; - 1), Tx2k{ for some k <E 1. 

For all 9, the operator e'^^ belongs to the class of Fourier integral operators of 
order in the sense of Hormander [Ho21 IHo4| . 

The operator A can be used to describe the leading asymptotics of the scattering 
matrix at zero energy: 

Theorem 1.6. // \1.2S\) holds with V being spherically symmetric (up to a com- 
pactly supported possibly singular term), now with the number e obeying e > 1 — 
then 

5(0) = e^^e-'^"^ + K, 

where K is compact. 

We shall prove Theorem 1 1.61 by one-dimensional WKB-analysis. 

1.11. Kernel of 5(0) as an explicit oscillatory integral. In the case V = 

— 

—^\x\^^ -|-0(|a;|~ ^ 2'^'^), e > 0, it is possible to represent the distributional kernel 
of the scattering matrix 5(0) (modulo a smoothing term) in terms of a fairly explicit 
oscillatory integral. This provides an alternative way to prove Theorem ll.4l on the 
location of singularities of the scattering matrix - given the stronger conditions 
on the potential (we remark that our proof of Theorem 11.41 is rather abstract, see 
Subsection I1.13p . Moreover, although we shall not elaborate in this paper, it is 
actually feasible to prove a partial version of Theorem 11.61 (more precisely for the 
cases ^ N) using this fairly explicit integral. 
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1.12. Generalized eigenfunctions. A solution of the equation 

i-A + Vix) ^ X)u^O (1.29) 

in [J^ L'^''^^{R'^) will be called a generalized eigenfunction with energy A. One of 
our results says that each generalized eigenfunction with positive or zero energy is 
of the form W^{X)t, where r is a distribution on the sphere S"*"^. 

Such generalized eigenfunctions are never square-integrable. A rough method 
to describe their behaviour for large x is to use weighted spaces L^''*(M'') with 
appropriate s. A more precise description is provided by the so-called Besov spaces. 
One of our results says that the range of (incoming and outgoing) wave matrices 
can be described precisely by an appropriate Besov space. One can also describe 
quite precisely their spatial asymptotics. In the case of zero energy, these results 
are new. 

1.13. Propagation of singularities for zero-energy generalized eigenfunc- 
tions. It is well-known that some of the properties of solutions of PDE's of the 
form P{x, D)u — can be explained by the behaviour of classical hamiltonian dy- 
namics given by the principal symbol of P. One of the best known expressions of 
this idea is Hormander's theorem about propagation of singularities. 

Similar ideas are true in the case of Schrodinger operators. This is well un- 
derstood for positive energies. In the case of zero energy a similar analysis is 
possible. It has an especially clean formulation if we assume that the potential is 
V{x) — —^\x\~^. Under this condition, the set of orbits of the classical system 
given by /i(x,^) is invariant with respect to an appropriate scaling. This allows us 
to reduce the phase space. 

In the quantum case, we introduce an appropriate concept of a wave front set 
adapted to the solutions to (|1.29p . different from Hormander's. One of our main 
results describes a possible location of this special wave front set for solutions to 
p.29p for A = - the statement is very similar to the statement of the original 
Hormander's theorem; it is used in a proof of Theorem ll.4l 

1.14. Sommerfeld radiation condition. Another of our main results is a version 
of the Sommerfeld radiation condition for zero energies. It says that given v in 
a certain weighted space a solution u of the equation {H ~ X)u = v satisfying 
appropriate outgoing/incoming phase space localization is always of the form u = 
i?(A±iO)t;. 

This somewhat technical result has a number of interesting applications. In 
particular, we use it in our proof that S'(O) can be expressed in terms of an oscillatory 
integral, and also in the description of the asymptotics of generalized eigenfunctions 
at large distances. 

1.15. Organization of the paper. The paper is organized as follows: In Section 
[5] we impose conditions on the potential. In the case we allow the potential to have 
a non-spherically symmetric term we shall need certain regularity properties of the 
leading spherically symmetric term. These properties are stated in Condition 12.21 
they are fulfilled for the example ()1.23|) discussed above. 

In Section [3] we describe and extend some of results from our previous papers. 
In particular, we recall the construction of scattering phases in |DS1| (given there 
under the same conditions). We describe and to some extend the study of the 
properties of these objects. 

In Section [4] we recall various microlocal resolvent estimates from |FS| (slightly 
extended). We also introduce the concept of the scattering wave front set adapted 
to energy zero. We give its applications, in particular a result about the Sommerfeld 
radiation condition at zero energy. 
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In Section [5] we describe the modifiers used in our paper. They are given by a 
WKB-type ansatz, which involves solving transport equations. 

In Section [6] we introduce wave operators and wave matrices. We describe their 
low-energy asymptotics. 

In Section [7] we introduce scattering operators and matrices. We analyse their 
low-energy asymptotics. 

In Section [S] we study properties of generalized eigenfunctions for non-negative 
energies. 

In Section [9] we restrict our attention to potentials of the form ()1.23p . We show 
the classical rule, cu -cu' — cos 2^^: f^'' the location of zero-energy singularities (cf. 
Theorem II. 4|) . We also show a "propagation of scattering singularities result" , see 
Proposition 19.11 on generalized zero-energy eigenfunctions. Under stronger condi- 
tions than p.23p we represent the kernel of S{0) as an explicit oscillatory integral. 

In Section [lU] we study an explicit Fourier integral operator on the unit sphere 
- the evolution operator for the wave equation - and we show that it coincides, 
modulo a compact term, with S{0) (again, under stronger conditions than (|1.23p ). 

In Appendix E] we present, in an abstract setting, various elements of stationary 
scattering theory used in our paper. 

2. Conditions 

We shall consider a classical Hamiltonian h = -t- y on M'^ x R'' where V 
satisfies Condition 12.11 (in classical mechanics we can take V3 = 0) and possibly 
Condition 12.21 (both stated below) . Throughout the paper we shall use the non- 
standard notation (x) for a; G M'' to denote a function (x) = /(r); r = where 
here / € C°°([0,oo[) is taken convex, and obeys / = ^ for r < ^ and f — r for 
r > 1. We shall often use the notation x ~ x/r for vectors x £ R'^ \ {0}. Let i^'* = 
L^''*(R^) = (x)~'*L^(M!^) for any s G M (the corresponding norm will be denoted 
by II • II,). Introduce also L^-°°{= L^.-ooj-j^d)) ^ UsmL^'' and i^.oo ^ CismL^'"- 
The notation F{s > e) denotes a smooth increasing function = 1 for s > |e and 
= for s < ie; F{- < e) := 1 — F{- > e). The symbol g will be used extensively; 
it stands for the function g{r) = •\/2A — 2Vi{r) (for Vi obeying Condition 12.11 and 
A e [0,oo[). 

Condition 2.1. The function V can be written as a sum of three real- valued 
measurable functions, V — Vi +V2 + V3, such that: For some /i g]0, 2[ we have 

(1) Vi is a smooth negative function that only depends on the radial variable r 
in the region r > 1 (that is Vi{x) — Vi{r) for r > 1). There exists ei > 
such that 

Vi(r) < -eir-'', r > 1. 

(2) For all 7 G (N U {0})'' there exists Cj > such that 

{x)^'+\"<\\d^Vi{x)\ < C^. 

(3) There exists ei > such that 

rVlir) <~{2-h)Vi{r), r>l. (2.1) 

(4) V2 = V2{x) is smooth and there exists 62 > such that for aU 7 G (NU {0})'' 

{x)f'+'^ + \^\\d''V2{x)\ < c^. 

(5) V3 — 1/3(2;) is compactly supported. 

The following condition will be needed only in the case V2 ^ 0: 
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Condition 2.2. Let Vi be given as in Condition 12.11 and a :— ^j^- There exists 
ei > max(0, 1 — a(/Lt + 2e2)) such that 

hmsupr-V/(r)( / (-2yi(p))-^dp) < 4-^(1 -e?), (2.2) 

hmsupF/'(r)( / (-2t/i(p))-^d/7) < 4^1(1-6?). (2.3) 

We notice that (|2.ip and p. 21) tend to be somewhat strong conditions for \xk,2. 
On the other hand Conditions 12.11 and 12.21 hold for all €2 > for the particular 
example Y\{r) = —^r^^ (with ei = 7, ei = 2 — /i and some ei < 1 — a/i). 

In quantum mechanics we consider H = Hq + V ^ Hq — ^p^, p — — iV, on 
TC = i^(K'^), and we need the following additional condition. Clearly Condition l2.3l 
^ assures that H is self-adjoint. For an elaboration of Condition l2.3l ([2|). see |FS| : 
it guarantees that zero is not an eigenvalue of H. Condition l2.3l ((5)) is included here 
only for convenience of presentation; with the other conditions there are no small 
positive eigenvalues, cf. [FS| . 

Condition 2.3. In addition to Condition 12.11 

(1) V3{Hq + i)^-^ is a compact operator on L^(M'*). 

(2) H satisfies the unique continuation property at infinity. 

(3) H does not have positive eigenvalues. 

3. Classical orbits 

In this section we recall and extend the results of [DS1| about low energy classical 
orbits that we will need in our paper. 

3.1. Scattering orbits at positive energies. We introduce for R> 1 and a > 

^{y&R'\yu;>{l~ a)\y\, \y\ > R}; u; e S^-\ 
rl,^{{y,u;)eR^'xS'-'\yer+Ju;)}. 

Lemma 3.1. Suppose that Vi satisfies (jl.ip . Let a €]0, 2[. Then there exists 
a decreasing function ]0,oo[9 A RoW such that for all |f| > •\/2A and x € 
-'^flo(A) cr(^) ^^£''6 exists a unique solution y(t) = y+(t, a;,^) of the problem hi .2]) 
such that y{t) e r/jp(>,) for t> 1. If we set 

F+ix,0 :=y+(l,a;,0, 

then T0txF+{x,^) = 0. 

For any ^ 7^ we let A = 2"^^^ w = | and i? = R{\). For {x,uj) E T+ „ we 
choose a path [0, 1] 3 I t-^ j{l) £ ^{ui) such that 7(0) = Ruj and 7(1) = x. We 
set 

■■= f+{^{t), ■ ^di + m- 

Note that 0+(a;,^) does not depend on the choice of the path 7. For instance, we 
can take the interval joining these two points and then 

^+{x,^)^{x~Raj)- f F+{l{x-Ri) + Ri,Odl + \^\R- (3.1) 
Jo 

Another possible choice is the radial interval from Rw to \x\llj and then the arc 
towards x: 

r\x\ /•arccos Cij-a: j 

J F+{lu;,0-^dl + J F+{\x\v^,0 ■ \^\^da + m, (3.2) 
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X — UJ u-x 



where Vn '■= cos aw + sin a- , 

The phase function constructed above essentially coincides with the Isozaki Ki- 
tada (outgoing) phase function, cf. [Isl| . |IK1[ Definition 2.3] or [DG. Proposition 
2.8.2]. In particular, for any ^ ^ 0, there are bounds 

d^d2{^-'{x,0 -^■^) = 0(|x|*-l^l) for \x\ oo, (3.3) 
S > max(l — /i, 0). 

These bounds are not uniform in ^ ^ 0, they are however uniform on compact 
subsets of M''\ {0}. 

3.2. Scattering orbits at low energies. Let us now recall some results about 
scattering orbits taken from [DSlj . 

We assume Conditions O and O (only Condition [O if V2 = 0). The fact 
that our Condition 12.11 includes a possibly singular potential V3 is irrelevant for this 
subsection since by assumption this term is compactly supported. More precisely 
we just need to make sure that the _Ro ^ 1 in Lemma 13.21 stated below is taken so 
large that V3{x) — for |a:| > Rq, then [DSlj applies. 

Lemma 3.2. There exist Rq > I and (Tq > such that for all R > Rq and for all 
positive (J < (To the problem p.24p is solved for all data {x, oj) G Pjj ^ and A > 
by a unique function y+(i, x, w, A), t > 1, such that y~^{t, x,uj,X) G ^{oj) for all 
t>l. Define a vector field F~^{x,uj, A) on F^t,,^ o-o^'^) 

F+{x,Lo,X)^y+{t^l-x,Lo,X). (3.4) 

Then 

rot^F+(a;,w, A) = 0. 

Note that under the assumptions of Lemma 13. 2[ we can suppose that i?o(A), 
introduced in Lemma [3.11 equals Rq for all A > 0. We can define (f)'^ [x , uj , X) on 
(x, u;, A) G ^ X [0, oo[. For further reference let us record the analogues of ([3.ip 
and ((321): 

(l)^{x,u),X) = {x- Rqlu) ■ I F+{l{x~ Rouj) + RoUj)dl + V2XRo, 



p\x\ /•arccosoj-f: i 

(j>+{x,u;,X) = F+{luj,uj,X)-ujdl+ F+{\x\va,uj,X) ■ -r^da + V2XRo. 

Jro Jo da 

We will add the subscript "sph" to all objects where V is replaced by the (spher- 
ically symmetric) potential Vi . The following result is proven in [DSlj : 

Proposition 3.3. There exists e = e(/^,ei,e2) > and uniform bounds 

F'-{x)-F+^{x)^0{\x\-^^/^-~^). (3.5a) 

In particular, for constants C, c > independent of x, uj and X 

F+jx) F+^jx) 



< C\x\-\ (3.5b) 



and 

F+{x 





(^)l 


F+ 


(x) 


\F+ 


(^)l 


F+ 


(x) 



\F+{x 



■x>l-C{l-x-uj)-C\x\-^, (3.5c) 
■x<l-c{l-x-uj) +C\x\-\ (3.5d) 
■Lu>l--C(l~x-Lu) ~C\x\-^. (3.5e) 
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More generally ( with the same e > j, for all multiindices d and 7 there are 
uniform bounds 

dtd2F+{x)^{x)-^-r^0{g{\x\)), (3.5f) 

did2{F+{x) - F+^{x)) = {x)-'-\^\0{g{\x\)) . (3.5g) 

The vector field F^{x,uj,X), as well as all derivatives d^dJF^ , are jointly con- 
tinuous in the variables {x,uj) £ and A > 0. 

The problem (11.2411 in the case of < ^ —00 can also be solved. We introduce for 
i? > 1 and o- > 

^rA^) ^{y&^'\y^<i<y~ mi \y\ >R},^e s^~'; 

Mimicking the previous procedure, starting from the mixed problem (11.24p in 
the case oft — )■ —00, we can similarly construct a solution (x , co , X) to the eikonal 
equation in some o-(^)- This amounts to setting 

(j}-{x,uj,X) = -(j)+{x,-uj,\), X G F^^^_^^(lj) = F+^ ,^^^(-cj). (3.6) 

3.3. Radially symmetric potentials. In this subsection we assume that V2 = 0, 
which means that the potential is spherically symmetric. More precisely, we assume 
that for r > Rq 

\drV{r)\ < c„r~"~^, V{r) < -cr-", c> 0, rV'{r) + 2V{r) < 0. 

Note that motion in such a potential is confined to a 2-dimensional plane. In 
the case of the trajectory y^{t,x,uj, X), it is the plane spanned by uj and x. It 
is also convenient to introduce the vectors x-^ := and uj-^ := 

sin (71 sin (71 ' 

where lo ■ x = cos^i. Therefore, we can restrict temporarily our attention to a 
2-dimensional system. We will use the polar coordinates (r cos 6',r sin 0). Note that 
the energy A and the angular momentum L are preserved quantities. Therefore, 
the Newton equations (for outgoing orbits) can be reduced to 

1^ = "^'^ (3 7) 

\r = y/2X-2V{r)- L^r-^. ^ ' ' 

Lemma 3.4. For some 60 > 0, for all ri > Rq, \6i \ < Oq and X> we can find a 
solution of jS.TD satisfying 

r(l) = ri, f(l) > 0, lim 0{t) = 0, ^(l) = 9i. 

t — >QO 

There exists a function (ri,0i,A) i— > L{ri,9i, X) G M specifying the total angular 
momentum of the solution y^(t, x, lu, A). This function L is an odd function in 0i. 
We have the following estimates: 

dl^^d^y ^0{rl^"g{ri)^) , n,m>0; (3.8a) 

dl\dl-2^^0{rl-^'gir,)), n,m>0. (3.8b) 
1 f 1 

This allows us to compute the initial velocity of the trajectory: 

L 



F+(x,LU,X) ^ J2X - 2Vir) - L'^lr^x - -x^ . 

r 

The function ^+ equals, with r = \x\ and co&9 — x ■ lu, 

(l)+{x,ij,X) = V2XRo+ [ ^/2X-2V{r')dr' + [ L{r,6' ,X)A6' . (3.9) 
Jro Jo 

13 



Therefore, using also that V^O = — w^, 

\/^(f>+ = -L{r,9,X)uj^. (3.10) 
This gives the foUowing estimates (in any dimension): 
Lemma 3.5. There exist constants C, c > such that 

\x-F+ix)-g{\x\)\ < C{l-x-to)gi\x\), (3.11a) 



\F+{x) - X X ■ F+{x)\ < Cy/l-x-ujg{\x\), (3.11b) 

\\7^(j)+\ > cVl ~ X ■ ujg{\x\)\x\, (3.11c) 

did2<l>+ = (x)i-I^IO(ff(lxl)). (3.11d) 

We calculate for A > 0: 

= (2A)-^V^F+ + (2A)^9Ai^+<»w, 

V^f+ = LdeL[2\~2V(r) + L^r-'^)-^r-'^u:^®x + deLr-^u:^®x^ ~-^^x^, 

r 

dxF+ = {2\~-2V{r)- L^r-^)-^{l- LdxLr-^)x~ dxLr-^x^. 
Specifying to x parallel to lj and noting that L{x, a;, A) = 0, we obtain 
V^F+ = {2\Y/^dx{2\^2V{\x\)Y/''x(^x 
-{2\)-^'^\x\-^deL x^®x^ 
= {2\Y/^{2\-2V{\x\))-^/''x®x (3.12) 

+ {2\)-^'^\x\-^ { r r-2(2A - 2V{r))-^'^dr) x^ (g> x^, 
^J\x\ ' 

cf. [DSH (4.5)]. 

In an arbitrary dimension, the formula is the same except that the second term 
is repeated d — 1 times on the diagonal. Therefore, 

det (v^V,0+(a;, V2Ai)y^' = {2Xf-^^l^g{r)-^l'^(r-^h{r)^^~^^''', (3.13) 
where we have introduced the notation 

h(r) := ( r r'-^g{r')-^dr'y\ (3.14) 



Note the (uniform) boimds 

crg{r) < h{r) < Crg{r). (3.15) 
Whence, combining p.l3p and (|3.15p . 

c(2A)(2-'^)/4g(r)('*-2)/2 < det(V^V,0+(x,\/2Ai))'/' 

< C(2A)(2-'^)/4g(r)(rf-2)/2. (3.16) 

4. Boundary values of the resolvent 



In this section we impose Conditions 12.11 and 12.31 We shall recall (and extend) 
some resolvent estimates of [FSj . They are important tools used throughout our 
paper. 

In Subsection 14.21 we will also introduce the notion of the scattering wave front 
set, which is well adapted to scattering theory at various energies. We will return 
to this concept in particular in Section [9l where we will prove a theorem about 
propagation of singularities for potentials with a homogeneous principal part. A 
somewhat cruder version of this theorem is given already in Subsection 14.21 (valid, 
however, for a more general class of potentials). 
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In Subsection 14.41 we prove a version of the Sommcrfeld radiation condition for 
the zero energy. 



4.1. Low energy resolvent estimates. Let c be a function on the phase space 
jgid ^ jjd^ The left and right Kohn-Nirenberg quantization of the symbol c are the 
operators Op\c) and Op''(c) acting as 

(Op'(c)/)(x) - {2^)-''/^ j e-«c(:r,0/(e)de, 

(Op^(c)/)(x) = [2-,)-^ [[ e'(--^) «c(y,0/(2/)d2/dC, 



respectively. Notice that Op^c)* = Op%c). In Proposition 14. II stated below we use 
for convenience both of these quantizations, although they can be used interchange- 
ably. Alternatively one can use Weyl quantization denoted by Op™(c) , cf . [FS| . We 
will often use the following (A-dependent) symbols: 

It is convenient to introduce the following symbol class: Let c £ S{m, Qi^^x), 
gfi,\ = (a;)~^dx^ + g^^dS^^ and m = m\ = m\{x,S,) be a uniform weight function 
[IIo3| . Here A e [0, Aq] (for an arbitrarily fixed Aq > 0) is considered as a parameter; 
the function m obeys bounds uniform in this parameter (see [FSl Lemma 4.3 (ii)] 
for details). For a uniform weight function m, the symbol class Sunui'Tii dfi.x) is 
defined to be the set of parameter-dependent smooth symbols c = c^^^x satisfying 

|5'529fc.,A(x,S)l < C5.^,;3m,(x,0(x)~l^l5^l''l. (4.2) 

We notice that the "Planck constant" for this class is {x)~^g~^. The corre- 
sponding class of quantizations is denoted by ^'unif ("^, <?m->') (i* does not depend on 
whether left or right quantization is used). Finally we remark that the quantiza- 
tions appearing in Proposition 14. II stated below belong to ^'unif (1, 5/j,a), and hence 
they are bounded uniformly in A (these symbols are independent of u). 

We can obtain the following estimates by mimicking the proof of |FS[ Theorem 
4.1] (first for the smooth case V3 = 0, and then the general case by a resolvent 
equation, see |FS1 Subsection 5.1]; here the unique continuation assumption Con- 
dition [2l3] (l2|) comes into play). In particular, Proposition 14. II (p]l follows from [FS|, 
Corollary 3.5] and a resolvent identity (cf. [FS[ (5.12)]). Similarly Proposition 14. II 
(pH) follows from [FS] Lemma 4.5] and the proof of [FS[ Lemma 4.6] (notice that it 
suffices to show the bounds (I4.3bp and (|4.3cp for i = due to this proof), while 
Proposition 14.1 1 follows from [FS, Lemma 4.9] and the same minor modification 
of the proof of [FS, Lemma 4.6]. As for the continuity statement at the end of the 
proposition we refer the reader to the end of this subsection. 

The notation R{\ -\- lO) refers to the limit of the resolvent R{\ + le) as e 0"'" 
in the sense of a form on the Schwartz space 5(M''), cf. Remark l4.2| [^. 

Proposition 4.1. Fix any Aq > 0. The following conclusions, Q-ljvj), hold uni- 
formly in X E [0, Ao] .■ 

(i) For all S > ^ there exists C > such that 

\\{x)-'g^Ri\ + iO)gHx)-'\\<C. (4.3a) 
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(ii) There exists Cq > 1 such that if x+ G C°°(M), supp(x+) c]Co,oo[ and x+ G 
C^(M), then for all S > ^ and all s,t > there exists C > such that 

\\{{x)gr{xy-'giOp\x+{a))R{X + iO)gHx)-'-\{x)g)-^\\ < C, (4.3b) 
\\{{x)g)-^x)-'-'giR{X + iO)Op\x+{a))gHxy-'{{x)gr\\ < C. (4.3c) 

(iii) Leta>0 and x- e C;?°(R). Suppose X-,x+ ^ C°°(M) satisfy 

sup supp X- ^ ^ ^ ^ ^ ii^f supp x+ > 5- — 1. 
Then for all 6 > and all s,t > there exists C > such that 

\\{{x)g)^xy-'g^Op\x-{a)x-{b))R{>^ + ^0)9H^y'-\{^)9r'\\ < C, (4.3d) 
\\{{x)g)-^{x)-'-'giR{X + iO)Op\x-{a)x+{b))gHxy-\{x)gr\\ < C. (4.3e) 

(iv) Suppose X-tX- S C'^(R), X- 0,'"^^ x+ satisfy the assumptions from ([m]) and 
m addition 

sup supp x_ < inf supp x+ ■ 
T/ien for all s > there exists C > such that 

\\{xyOp\xUa)x-ib))RiX + iO)Op\x'ya)x+m^r\\ < C (4.3f) 

(v) Suppose x+ is given as in some functions X-, X- are given as in ([m]) 
anrf suppose 

dist (supp x_, supp x+) > 0. 
T/ien for all s > there exists C > such that 

\\{xrOp\x+ia))RiX + iO)Op\X-{a)x+ibm^r\\ < C, (4.3g) 
\\{xrOp\x-{a)x-{b))RiX + iO)Op\x+{a)){xr\\ < C. (4.3h) 

All the forms appearing in ©-(jv]) are continuous in X> Q. In fact the families 
of corresponding operators are continuous B{L?'{W^)) -valued functions. 

Remarks 4.2. 1) Although this will not be needed we have in fact (jHI with 
Co = 1; see Corollary 14. 41 for a related result. 

2) The paper [FS| contains a stronger version of the so-called limiting absorption 
principle than can be read from Proposition 0: For a\\ 5 > ^ there exists 
C > such that 

sup \\{xr'g^R{X + ie)g^{x)~'\\<C- Af [0, Aq] x i]0, 1], 

A+ieGM 

and the S(L^(R'^)-valued function {x)^^^ R{C,){x)^^^ 'i is uniformly Holder 
continuous in ^ G M . The (well-known) positive energy analogue of this 
assertion states that for any positive Ai < Aq the S(i^(M'')-valued function 
{x)~^ R{(){x)~^ is uniformly Holder continuous in ( £ AI \ {Re( < Ai}; see 
S]) for a related remark. 

3) The paper [FS] also contains an extension of Proposition 14.11 to powers of 
the resolvent, however this will not be useful in the forthcoming sections; see 
Example 17.51 for a discussion. This is related to the fact that our classical 
constructions are not smooth in A at zero energy, cf. [DS1|, Remarks 4.7 1)]. 
The collection of all estimates in Proposition 14.11 (more precisely a collec- 
tion of similar estimates with a complex spectral parameter) yields similar 
estimates for powers of the resolvent by a completely algebraic reasoning, cf. 
[F51 Appendix A]. 
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4) Assume that the potential satisfies Condition 11.11 Then all the bounds of 
Proposition 14 . 1 1 remain true uniformly in A £ [Ai, Aq] for any positive Ai < Aq 
provided we replace 

a^a:=-V, b ^ b -.^ — ^ • — and o ^ 1. (4.4) 
2A' V2X (x) ^ ^ ^ 



(Under the stronger Conditions 12.11 and 12 . 31 the validity of this modification is 
a direct consequence of the bounds of Proposition [13] ) Also in this case the 
families of associated operators are norm continuous (now in A > only) . 

Proof of continuity statements in Proposition \4-l\ Due to Remark I4.2| [^ and the 
calculus of pseudodifferential operators all appearing forms in Proposition 14.11 are 
continuous in A > 0. 

Norm continuity of the corresponding operator- valued functions also follows from 
Remark OEI). This can be seen as follows for ^^(A) {x)-^g^R{\ + iQ)g^{x)-^ 
(appearing in (|i])): 

Pick 5' 5[, insert for (small) k > the identity / = F{k\x\ < 1)^F{k\x\ > 1) 
on both sides of Bs{\) and expand (into three terms). This yields 

\\Bs{\) - F{k\x\ < 1)Bs{X)F{k\x\ < 1)11 < Ck^-^'\\Bs>{\)\\. 

Due to Proposition HT] Q the right hand side is 0(^k^^^ ) uniformly A > 0. On the 
other hand due to Remark (and the calculus of pseudodifferential operators) 

for fixed k > the B{L^ {R'^))-Yalued function F{k\x\ < l)Bsi-)F{K\x\ < 1) is 
continuous. Hence Bs{-) is a uniform limit of continuous functions and therefore 
indeed continuous. 

The other operator- valued functions can be dealt with in the same fashion. □ 

4.2. Scattering wave front set. The remaining subsections of Section 3] are de- 
voted to a number of somewhat technical estimates on solutions to the equation 
{H — X)u — V for a fixed A > 0. Although they are proved under Conditions 12.11 
and 12.31 we remark that there are similar estimates under Condition 11.11 for a fixed 
A > 0. The reader may skip this material on the first reading. 

Throughout the remaining part of this section we use the notation (£)i = (1 + 
|eP)^/2 and X = {1 + |a;|2)i/2 for £, ^ G R'^. 

With reference to the symbol class Suniiifn, gfj..\) from Subsection 14.11 clearly 
hi,h2 G S'unif(m,5^,A) with hi ^C^ + Fi, /i2 + + ^2 smd m ^ g'^ / g)l 

In the remaining part of Section [4] we shall however only need a reminiscence of 
this symbol class given by disregarding the uniformity in A > 0. Whence we shall 
consider symbols c G S{m,g^^\) meaning, by definition, that 

\d2dlc{x,0\ < C^,/3m(a;,0(a;)-l'^l5-""- (4.5) 

The corresponding class of standard Weyl quantizations Op*(c) is denoted by '^{m, g^^x). 
It is convenient to introduce the following constants: 

If e > 0, then (a;)^'*"^^ will be a typical weight that appears in resolvent estimates. 
(Notice that in the uniform estimates of Proposition 14.11 the corresponding weight 
is (72 (x)^2^'.) The weight {x)~^^ plays the role of the "Planck constant" for the 
class 'i>{m, g^ \). Finally, {x)^'''^ will appear in the "elliptic regularity estimate" of 
Proposition [331 Clearly sq > S2 and si > 0. 
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Let us decompose the normalized momentum £,/g a.s follows: 

i = 5^ + c- 6 := ^ . i and c (/ - 1 7^)(7^|) i (4.7) 
9 {x) {x) g V '{x}'^{x}'yg 

Notice that b was already defined in Subsection 14. 1[ besides for r = > 1, 

6^ + = a with a also defined in Subsection 14.11 Moreover for r > 1 we have 

the identification 6 = x • | e R and c = (/ - \x){x\)^ € T^iS'^-^) with x = 

x/r E S"^^^, which obviously constitute canonical coordinates for "the phase space" 

T* := T*(S"*-i) X M = x R'^. This partly motivates the following definition: 

The wave front set WF^^{u) of a distribution u G L'^'~°° is the subset of T* given 

by the condition 

zi = (wi,ci,6i) = (wi,6iwi+ci) = ^ WF^^{u) 

^ (4.8) 

3 neighbourhoods A/"^! 9 uji, TV^^ 9 ryi \fx<^, e C^(A/Li), Xm ^ C^i-^m) ■ 

Op^{Xz,F{r > 2))u e i^^s ^ijgj.g (2;, C) = Xt^i (i)X7,i (bx + c). 

Notice that this quantization is defined by the substitution bx + c ^/g, cf. (|4.7p . 
Keep in mind that the whole concept depends on the given energy AG [0, oo[ in 
consideration (through g, which enters in the definition of b and c). 

The above notion of wave front set is of course adapted to the problem in hand. 
The classical definition is taylored to measure decay in momentum space; see for 
example [Ho 11 Chapter VIII]. Our definition concerns decay in position space, and 
thus it is more related to the wave front set introduced in [Mel Section 7] (dubbed 
there as "the scattering wave front set" ) . 

Obviously 

Conversely (by a compactness argument), if for some x G C^{M.'^) 

u -Op^ixi^ /g))uEL^'\ (4.9) 

then 

WF^'^iu) = ^ u e L^''. 

Proposition 4.3. Let A > and S2 be defined in (|46l) . Let u G v G L^.s+sa 

and {H — X)u = v . Then the estimates (|4.9p and 

WF^'^iu) C{zer* \b^ + = 1} (4.10) 

hold. 

More generally, suppose u £ g^^v G L^''^ and (H — X)u = v. Then the 

following estimates hold: 

For alle>0: gOp^{F{b^ + - 1 > e))u G L^'", (4.11a) 

For all e > 0, gOp"" {{^/g)lF{b^ + - 1 > e)) u G L^^', (4.11b) 

For alle>0: gOpr{F{l - b^ - > e))u G L^'" , (4.11c) 

WFi^igu) C {z G T* I 6^ + c2 = 1}. (4.11d) 

Proof. Obviously (|4.11b[) is stronger than (|4.11ap . Notice also that (|4.11ap in some 
sense is stronger than Proposition 14.11 (pH) (involves weaker weights) . It is also 
obvious that (j4.11d[) is a consequence of (|4.11b[) and (|4.11cp . 

The proof of (j4.11b|l given below is somewhat similar to the proof of the analogue 
of Proposition [4TII given in FS]. For convenience we have divided the proof into 
four steps. For the calculus of pseudodifferential operators, used tacitly below, 
we refer to |Hol[ Theorems 18.5.4, 18.6.3, 18.6.8] (the reader might find it more 
convenient to consult [FS| for an elaboration). 
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The bounds (|4.11cp can be proved by mimicking Steps III and IV below. We 
note that the compUcation due to high energies, cf. Step II below, is absent. For 
this reason ()4.11cp is somewhat easier to establish than (j4.11b|) and we shall leave 
the details of proof to the reader. 

Step I. At various points in the proof of (|4.11bp we need to control the possibly 
existing local singularities of the potential V3 . This is done in terms of the following 
elementary bounds: 

Ti {xf g-^V:i{H -i)-^g-^{x)-' G B{L^), t,t' e M; (4.12a) 

fi := {xf g-^Vsil + p')-^g-^{x)-' e B(L^), Lt'eR; (4.12b) 

T2 {xY{l+p^)g{H - i)-^g-\x)-' e B{L^), t e R. (4.12c) 

Step II. Suppose gu G L^^* for some fixed t < s. We shall prove that then 
Agu e L^'* for aU A G ^{{C/ g)i, 9fj.,x)i more precisely, that 

forallAe*((e/<?)?,5^,A): \\Agu\\t < C{\\gu\\t + \\g-'v\\s). (4.13) 

For any such an operator A and any m e R, we decompose 

{x^A^ B^{xyOp^{{^/g)j) + Rrn, (4.14) 

where Bm G 4'(1,5^,a) and R„, £ *((C/<?)?(2:)-™, g^^)- 
Now, cf. [FS) proof of Lemma 4.5], 

0p-((e/<?)?)=5~W + 0p>i) 

- 2g-\H - A).g-i + Op>2) - 23-^3; (4.15) 

ai = 1 - I 12 + 4-1 a2 = + I ~ 2g-''V2 G S{1, g^,x)- 

We substitute (|4.15p in (|4.14|1 . expand into altogether four terms and apply the 
resulting sum to the state gu. The contribution from the first term of (I4.15P is 
estimated as 

\\B^{xy2g-\H - X)g-\gu)\\ < Ci\\g-'v\\t < C2\\g-'v\\s. 
Similarly, the contribution from the second term of (|4.15p is estimated as 

||B„,(x)*Op>2)5^^|| < C\\gu\\t. 
As for the third term of (I4.15|) we use (|4.12ap with t = t' to bound 
2\\B^{xyg'^V3gu\\ < 2||S„,|| ||Ti(x)*.g(i/ - i)u\\ 

< C^{\\gv\U + ||(A - i).g,i||0 < C2{\\gu\U + \\g-'v\U). 
To treat the contribution from the second term of (|4.14p we note that 

^mg)i{x)-"^,g,,x) c ^i(Ol{xy-"\g,,x). 
Whence, using (|4.12cp and choosing m = 2 — <, 

\\Rmgu\\ <Ci\\T2{xyg{H^i)u\\ <C2i\\gu\\t + \\g-'v\\,). 
We conclude (|i?T^ . 

Step III. Suppose gu e L^^* for some fixed t < s. Fix s' E]t,t + 1 — /i/2] with 
s' < s. We shall show that (j4.11ap holds with s replaced by s' . We set := 
F(52 + c2-l>e). 

We need a regularization in x-space given in terms of i„ — X^, ^ , where for 
K g]0, 1] we let 

X„:=(l + «|x|2)i/2. (4.16) 
Mimicking [FS[ proof of Lemma 4.5], for R > 1 large enough we clearly have 

F^F{r > Rf < -Rc( ^^''J^ ]F^F{r > Rf . 
e \ g^ J 
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Let 

D = Op-(d), d = {il9)^\x)'-^' = h-\ag)^'g-\x)-^'; 

= Op>J, - ql[^Rc {h2 - A) - , = {xy'F.i^Fir > R). 
Since < e S{h-^d-^,g^,^x), 

D*P^D > ~C 

uniformly in k. Since < rf G S{d,g^^x), we can for any m G M find e,„ G 
S{d~^ , gfj,^\) such that 

- / G = Op-(e„). 

Consequently, we have the uniform bound 

and therefore by choosing m = s' — t and by using (|4.13p that the expectation 

{P.)u>~C{{\\gu\U + \\g-'v\Uf. (4.17) 

On the other hand, for any S g]0, 1[ 

{P.)u < C{{\\gu\U + \\g-'v\\s)' - (1 - S){Q:Q^)gu, Q. = Op^{q.). (4.18) 

Here we use that 

Op^{qlReih2-X)) =Re{{Q,gyQ,g-\H-V3-X))+R^, 

R. e ^{{^lg)lh\xf^'g\g,,^)) C *((e/5)2(a;)2*g2)^ 

and the fact that R^ is bounded in k g]0, 1] in the class '^{{£,/g)i{xy^g'^). Notice 
that 

^(Re((Q«g)*Q,,5-i(ff-A)))„ 

< C\\Q,gu\\ \\g-^v\\,, < 6\\Q^guf + Cs\\g~'v\\l 

and that the contributions from V3 and the term i?^ can be treated by (|4.12ap and 
(|4.13p . respectively. 

Now, combining (|4.17p and ()4.18p we conclude that 

\\Q.gu\\' <C{i\\gu\\t + \\g-'v\\sf 
uniformly in n g]0, 1]. Letting k — > completes Step IIL 

Step IV. Note that (|4.11bp is equivalent to the following, seemingly stronger state- 
ment: 

For aU e > 0, v4 G ^((^/y)?, g^^) implies AgOf{F,)u G L^ '. (4.19) 

We will show (|4.19p by induction. 

By assumption, gu G L^'* for a sufficently small t < s and consequently, due 
to Step II, it follows that Agu G L^'* for aU A G ^{{(,/ g)\, g^^\). Consider for all 
fc G N the following claim given in terms of tk := min(s, t + (1 — ^/2)(fc — 1)): 

The bound/locahzation (|4.11bp holds for all e > and all A G ^{{^/ g)l, g^^x) 
provided u ^ 0^[F^/2)u and s is replaced by tk- (Notice that this imphes in 

particular that the state gu2e G i^'**" and, since e > is arbitrary, that gu^ G L^'*'=.) 

We have seen that this claim holds for fc = 1. So suppose fc > 1 and that the 
claim is true for fc — > A: — 1. To show the claim for fc, we can assume that t^-i < s. 
First, we notice that Ve ■= {H — X)ue obeys the condition g~^Ve G L^'**" due to the 
induction hypothesis, l|4.13p . (|4.12ap and (j4.12b[) . Notice at this point that 

[H-V^- A,0p«'(F,/2)] G ^ig^^/g)jh,g,^x), 
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and that in fact (for any to g M) 

[H-V^- A, Op*(F,/2)] = gAgO^^{F,/i) + i?™, 

A e ^{{i/g)l{xr'^-\g,.^), Rra e ^{{^/ g)l{xr^'\g^..x). 

Now, by Step III, (j4.11ap applies to u ^ u^, t —f Sfe_i and with s replaced by 
s' — tk- Next, by applying Step II to the state w — > := Op"(Fc)Me (note that 
as above g~^{H — Xju^ G L^'**"), we conclude that indeed the bound (j4.11bp holds 
with u ^ Ue and s replaced by t^. The induction is complete. 

Finally we obtain, using the above claim, that the bound (j4.11b[) holds without 
changing u and with s replaced by f^. Since clearly tk = s for k sufficiently large, 
(|4.11bp follows. □ 

The following corollary follows immediately from Proposition 14.31 At a fixed 
energy, it strengthens Proposition [13] juj. 

Corollary 4.4. Let x G CJ'^iM.), X = 1 around 1. Then for any s > sq we have 
(with A > 0, and sq and S2 as given in (14. 6p ) 

IKxy-'^Of'aa^ + I)(I - x(a)) i?(A ± iO)(2;)-^|| < C. (4.20) 

The following proposition is similar to Proposition l9 . 1 1 stated later, although the 
flavour is somewhat "global". These results (as well as their proofs) are modifi- 
cations of [H63', Proposition 3.5.1] (and its proof), see also |Mej and [HMVj . The 
condition is similar to (|4.11b|) : it implies that WF^^{u) C {{P + c^ < 1} and 

hence that WF^^{u) is compact. 

Proposition 4.5. Let A > and sq be defined in (|4.6p . Suppose u,v G L^'~°°, 
{H- X)u ^ V, s £ R, k e] -1, 1[ and {b = k}r]WF^^{u) = 0. Suppose the following 
condition: 

For all 6>0, Op^ {{^ / g)lF {b^ + - 1 > 6)) u e L^'' . (4.21) 

Define 

k+ = sup{fc >k\{be [k, k]} n WF^^iu) = 0}, (4.22) 
k- = mi{k < k\ {b e [fc, k]} n WF,%{u) = 0}. (4.23) 

Then 

k+ {b = k+}r\ WF^'+^"' {v) ^ 0, (4.24) 

k- > -1^ {b = k-}n WF^'+^'°{v) 0. (4.25) 

Proof. We shall only deal with the case of superscript "+"; the case of "— " is 
similar. For convenience we shall assume that £2 < 2 — /i and divide the proof into 
two steps. 

Step I. We will first show the following weaker statement: Suppose u £ 1,2,8-^2/2^ 
V e L^^'^+^^o and {H — X)u = v (in this case (|4.2ip follows from Proposition 14. 3p . 
Then 

k+ > 1. (4.26) 
Suppose on the contrary that /c+ < 1 . By a compactness argument we can then 
find a point in WF^^{u) of the form zi — (cji, ci, fc+). For e > chosen small 
enough (less than (fc+ — k)/2 suffices here) 

{6 e]k+ - 2e,k+[} D WF,%{u) = 0. (4.27) 

We can assume that J :=]A:+ — 2e. fc+ + e[C] — 1, 1[. Pick a non-positive / G C^{J) 
with /' > on [k^ — e, oo[ and f{k^) < 0, and consider for if > and k s]0, 1] the 
symbol 

b, = X'"a,, a, = X'X-'-/^F{r > 2) cxpi-Kb)f{b)F{b'' + < 3); (4.28) 
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here is defined by (|4.16p . 

We compute the Poisson bracket 

r g g{x) 

= l[{l-rVlg-^)c? + rVlg-\9 + (? -l)+0{r-'-)) (4.29) 

= ^-({l-TVlg-^){l-b')+g~^2{h^^X) + 0{r-^^)). (4.30) 

We expand the right hand side of (|4.30p into three terms and notice that due to 
(|2.ip the first term has the following positive lower bound on suppfe^: 

• ■ ■ > c = y (1 - sup{t^|i G supp/}). 
First we fix K: A part of the Poisson bracket with h\ is 

{/i2, x2«+2'*o ^^-£2} ^ lY^hX'^''+^''" X-''^ (4.31) 
where Y^, = Yi^{f) is uniformly bounded in k. We pick K > Q such that for all k 

2Kc >\YJ + 2-X~2so supp 6^. 
9 

From ()4.30p . (j4.3ip and the properties of K and /, we conclude the following 
bound at {/'(6) > 0}: 

{h2, bl} < -2al + g-\h2 ~ A)a«0(r^) + 0{v'%F^)'{\? + < 3) + 0{r'''-'-). 

To use this bound effectively, we introduce a partition of unity: Let /i, /2 G C^{J) 
be chosen such that supp/i C]fc+ — 2e, fc+[, supp/2 C]fc+ — e, /c+ + e[ and ff + fi = 1 
on supp /. We multiply both sides by /| {— l — fi) and obtain after a rearrangement 

{/i2, &'} < -2al + g-\h2 ~ X)a^d^ 

+Kif?F{b^ + < 3){x)^' - K2{F^y{b^ + < 3){x)^' + K3{xy'-'\ (4.32) 

d« e S{{xy,g^,,x); 

here ifi, i4'2, ^3 > are independent of k, and the symbols sue bounded in k in 
the indicated class. 

We introduce Ai^ = Op"(a„), 5^ = Op*(6„) and the regularization ub. = F{\x\/R < 
l)u in terms of a parameter R > 1. First we compute 

{i[H, Bl])u = hm {i[H, Bl])^, = -2Im {v, Bin). (4.33) 

H — >oo 

Using (|4.33p and the calculus, cf. jHoll Theorems 18.5.4, 18.6.3, 18.6.8] , we estimate 

MH,Bl])u\<Ci\\v\\s+2s,{UM\ + Ms-e,/2) < ^\\A^uf + C2. (4.34) 

On the other hand, using jOI]), (|i?77l) and we infer that 



m - V3,Bi])u = hm {i[H - V3,Bi]) 



< -2\\A,u\\' + CsWiH -Vs- X)u\U^\\A^u\\ + C4, 

and whence, using (|4.12ap to bound ||(iJ- V3 - A)u||s+^ < C(|lw||s+^ + ||w|U-£2/2), 
that 

{i[H - V3, Bl])u < ~UA^u\\^ + C5. (4.35) 
Clearly another application of (|4.12ap yields 

(«[^3,S']). <C6. (4.36) 

Combining ((434| - ([436l) yields 

\\A,uf < Cr = C2 + C5 + C6, 
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which in combination with the property that f{k~^) < in turn gives a uniform 
bound 

\\X-^^^'Of{x.^F{r > 2))u||2 < Cs; (4.37) 
here Xzi signifies any phase-space localization factor of the form entering in (|4.8p 
supported in a sufhciently small neighbourhood of the point zi = (a;i,ci,fc+). 

We let K ^ in (|4.37p and infer that zi ^ WFsc{u), which is a contradiction; 
whence (|4.26|) is proven. 

Step II. We need to remove the conditions of Step I, w G L2,s-e2/2 ^^^^ ^ ^ j^2,s+2so _ 
This will be accomplished by an iteration and modification of the procedure of Step 
I. 

Pick e K such that v e L^'*K Pick t < s such that u G L^'* and define 
Sm = min(s, t + me2/2) for m G N. Let correspondingly A;+ be given by (|4.22p with 
s — ^ Sm- Clearly 

fc+ < fc+_i; TO = 2,3,... (4.38) 
If u e i2,s,„-e2/2 a^j^^ y g j^2,s„,+2so |-jjgj^ with fc+ ^ k+ and S Sm 

follows from Step I. Although we shall not verify these conditions we remark that a 
suitable micro-local modification will come into play in an inductive procedure, see 
(|OT1) and (1443]) below. We shall indeed (inductively) show (|4?24l) with fc+ k+ 
and s Sm, i-e. that 

k+<l^{b = k+}n WFi-+'^« (v) ^ 0. (4.39) 

Notice that follows by using (j4.39p for an m taken so large that Sm = s. 

Let us consider the start of induction given by m = 1. In this case obviously 
u € iP-,Sm-<^2/2 ^ Suppose on the contrary that ()4.39p is false. Then we consider the 
following case: 

fc+ < 1 and {h = k+, b^ + c^ <6}n WFi^"+^">{v) = 0. (4.40) 

We let e > 0, J and / be chosen as in Step I with fc+ Let / G C^(]fc+ — 

3e, fc+ -1- 2e[) with / = 1 on J. It follows from (|4.40p . possibly by taking e > 
smaller than needed in Step I, that 

I,v e l2'^"+2so. ^ Op*(/(6)F(62 + < 6)). (4.41) 

Next, we introduce the symbol 6„ by ()4.28p (with s ^ Sm) and proceed as in Step 
I. As for the bounds (j4.34p . we can replace v by I^v up to addition of a term of 
the form CdlwHj^ + ||u||^^^__j^y2) ■ Similarly we can verify ()4.35p and ()4.36p (using 
conveniently (|4.12bp ). So again we obtain (|4.37p (with s s,„), and therefore a 
contradiction as in Step I. We have shown (|4.39p for m = 1. 

Now suppose m > 2 and that (|4.39p is verified for m — 1. We need to show the 
statement for the given m. Due to (|4.38p and the induction hypothesis, we can 
assume that 

k+ < k+_,. (4.42) 
Again we argue by contradiction assuming (I4.40p . We proceed as above noticing 
that it follows from ()4.42p that in addition to (|4.4ip we have 

hue L^'"—'; (4.43) 

at this point we possibly need choosing e > even smaller (viz. e < (fcm„i~fcm)/2). 
By replacing v by I^v and u by I^u at various points in the procedure of Step I 
(using (|4.4ip and (|4.43p . respectively) we obtain again a contradiction. Whence 
follows. □ 

Corollary 4.6. Let s e R, u e v € L2,s-i-2so^ _ x)u = v, k l[ 

and {b = k}n WF^%{u) = 0. Then 

WFi,{u)C{b=l}U{b = -l}. (4.44) 
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Proof. The condition (|4.2ip is guaranteed by Proposition 14.31 Then we apply 
Proposition [131 D 

4.3. Wave front set bounds of the boundary value of the resolvent. Propo- 
sition 14.11 imphes that the symbol R{X ± lO) in many cases can be treated as an 
operator, although initially it is defined in terms of a quadratic form. Notice that 
Remark l4.2l2p in one situation gives a slightly different and direct interpretation of 
i?(A±iO) (as a limit of operators and hence avoiding quadratic forms). It will how- 
ever be convenient to investigate possible other interpretations of states R{X ± iO)v 
(for which in particular Remark |4.2| [^ does not apply) and study associated wave 
front set bounds. The case of R{X — lO) is similar to that of R{X + lO) and will not 
be elaborated regarding proofs. 

For sufficiently decaying states v we have (using in ([u| the slightly abused nota- 
tion a :— + (? for generic points z = (w, c, h) = (w, huj + c) e T*): 

Proposition 4.7. Let s > sq and v £ L^'^ . Then the following is true: 
(i) For any t > sq 

R{X ± iO)w = lim R{X ± ie)v exists in 

c\,0 

(ii) 

WF^-'^ {R{X ± iO)v) C {a = 1}. 

(iii) For any e > 0, 

^ps-2so-e (^(^ ^ jQ)^) C{b= ±1}. (4.45) 

Proof. Ad (i). This statement follows from Remark I4.2| E|): notice that the 
notation for the limit conforms with Proposition 14. II 

Ad (ii). We have {H — X)u = v. Therefore (ii) follows from Proposition 14.31 
(alternatively by using Corollary 33]). 

Ad (iii). Let x- S C^iM.) such that x- is zero around 1. Let x e C^iM.). 
Then by Proposition 14. II ((ui)) . for any e > 

Op^(x(fl)X-(6))i?(A + iO)i; e 

□ 

Based completely on Proposition 14. II one can give a meaning to R{X ± iO)f; also 
for some states v with a slower decay provided they have an appropriate phase 
space localization. (In the statement below Co > 1 is given in agreement with 
Proposition [iH jii|.) 

Proposition 4.8. Let s < sq and v £ L'^'". Suppose that for some t > sq and 
ke]~ 1,1] (orke 

WF^^{v) n{b<k,a< 2Co} = (or WF*^{v) n {6 > fc, a < 2Co} = 0). (4.46) 
(i) For any e > there exists 

R{X + iO)v = lim R{X + iO)v^ (i?(A - iO)t; := lim R{X - iO)v^) in L2,s-2so-e^ 
where Vf^{x) :— i^(K|a;| < l)v{x). 

(ii) 

WFi-^-^ {R{X + iO)v) C {a = 1} {WF^-^- (i?(A - lO),;) C {a = 1}). 
(iii) For any e > 

WF^-^'°-%R{X + iO)v) n {6 < fc, a < Co} = (4.47) 
{WF^-^'^-'iRiX - iO)v) n {& > fc, a < Co} = 0). 
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Proof. Ad (i). Let x e - oo, 2Co[), x = 1 around [Q,Cq]. Let X- e C°°(R) 

be chosen such that x- — 1 around ] — oo, —1] and x- = in [{k — l)/2, oo[. Then 
by the condition (I4.46P and the calculus of pseudodifFerential operators 

Op^{x{a)x^{b)W Op^{x{a)x^{b))v in i^.* as k \ 0. 

Whence by Proposition 14. II for any e > 0, 

ui lim R{X + iO)Op"(x(a)x- exists in L^.-^o-^^ 

By Proposition 14. II ([u]) we have 

U2 :== lim R{\ + iO)Op'^(l - xia))vn exists in L2,s-2so-e_ 

By Proposition 14. II we have 

U3 := lim R{X + iO)Op''(x(a)(l - X-(&))«k exists in L2,s-2so-e_ 

But s — 2sq < —sq. Hence 

i?(A + iO)v := lim R{X + iO)v^ ^ ui + U2 + e i2,s-2so-e^ 

Ad (ii). This statement is proven as (ii) of the previous proposition. 

Ad (iii). Letx^, S C^(]— oo, 2Co[), x^ = 1 around [0, max(sup suppx^, C'o)]. 
Let xL e C;?°(]— oo, fc[) and x^ G C°°(R) such that X- — 1 around]— oo, sup suppxil-] 
and suppx^ — oo, k[. Then by the condition (I4.46P 

Ovr{x\a)xUb))v e L^'K 

Whence, by Proposition HTT] 0, noting that t > so, we obtain 

i?(A + iO)Op"(x'(a)x'_(6))^^ e L'--'"-' 

and 

WF^-^^--^ {R{X + iO)Ovr{xHa)xHb))v) C {b = 1}. (4.48) 
By Proposition [in] ([rvT) . 

Op"(x'(a)X- W)^(A + iO)Op-(x'(a)(l - X-{b)))v e L^''^ , (4.49) 
and by Proposition 14.11 Jv]) , 

Ovr{x\a)x'.{b))R{X + iO)Opll - x'(«))« e (4.50) 

Now (|Ti5)) - (|i3ni) yields 

Op"(x'(a)xi(^^))i?(A + iQ)v e i2,t-2.o~.^ 

which implies (|4.47l) . □ 
We have yet another interpretation very similar to Proposition [47] 

Proposition 4.9. Fix real-valued x G C^(R) andx G C°°(M) smc/i t/iat inf supp x > 
— 1 ('or sup suppx < IJ- Let A :— Op^(x(a)x(^))- Supposev e L^''^ for some s < sq. 
For any e > there exists 

R{\ + iO)Av = lim i?(A + ik)Av m L2,5-2so-e 
(or i?(A - iO)Aw = lim R{\ - in)Av in i2,s-2so-e-)^ 
Moreover this limit agrees with the interpretation of Proposition [^7S| 
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Proof. We need to invoke an extended version of the bound (|4.3ep , see |FSi Lemma 
4.10]. First notice that the symbols g, and hence also a and b, obviously depend 
on A. Let ^ = A + ik and define g^, a,^ and by replacing A by \(\ in the definition 
of g in Section 12.11 and of a and b in (14. ip , respectively. Now we have the following 
extension of the bound (|4.3ep : 

For all (5 > 5 and all s, t > 0, there exists C > such that for all k e]0, 1] 

|!((x)gc)-^(x)-*-^4^(C)Op"(X-(«c)A+(&c))4(^)'"'«^)5c)1l < C (4.51) 

Although this will not be needed, the bound (|4.5ip is in fact locally uniform in 
A > 0. 

We pick in (j4.5ip the functions X- ^nd x+ i^i agreement with Proposition 14.11 
(jm]) such that in addition x- = 1 around [0,supsuppx] and x+ = 1 around 
[min(0, inf suppx), oo[- Using the bounds g < g^, qq < a and < |6| we then 
obtain that for any m G M 

(Op"(x-(ac)x+(fec)) - 1)^ e ^{{xr,g,.,>). (4.52) 

By combining Remark [42l[2|) , (|43T|) (with s = 0, i = so-s + | and 5 = ^ + §) 
and (|4.52p we obtain the uniform bound: For all k, e]0, 1] 

||(a;)-*-^g^i?(C)A9^(^>*"'^ll < C. (4.53) 

Obviously we obtain from ()4.53p and a density argument that indeed there exists 
the limit 

u := lim RiX + ik)Av in l'^^^-^'^o-^ ^ 

Since u = R{X + iO)Av for v £ we are done (by using density and interchanging 
limits) . □ 

4.4. Sommerfeld radiation condition. In this subsection we describe a version 
of the Sommerfeld radiation condition close in spirit to [H621 Theorem 30.2.7], [Is2j 
and [Me] , 

We introduce for s > Besov spaces Bg and corresponding duals B* as in [AHj 
(see |Ho2[ Section 14.1] for details about these spaces). They consist of local 
functions with a certain (norm) expression being finite. 

Throughout this subsection we shall actually only use the duals B*, for which 
we can take the norm squared to be 

:= supi?-2s f \u\^dx. 

R>1 J\x\<R 

An equivalent norm is given by the square root of the expression 

|Mpda; + supi?"^^ / \u\^dx. 

\x\<l R>1 Jr/2<\x\<R 

In particular we see that for all s,s' > the map AT* : i?* — > B*, is bicontinuous. 
The subspace B*qCB* is specified by the additional condition 

lim R-^" I \u\^dx = 0, 

J\x\<R 

or equivalently, 

lim R-^' [ \u\^dx = 0. 

Jr/2<\x\<R 

There are inclusions 



i'^"' c c b; c a->,i2.--'. (4.54) 
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We introduce a notion of scattering wave front set of a distribution u S L^'^°° 
relative to the Besov space B^^^, s > 0, say, denoted by WF{BIq,u). It is the 
complement within T* given by replacing WF~''{u) WF{B* q,u) and L^'^'^ 
B* Q in (|4.8p (here (|4.8p is considered with s — > — s). Obviously (|4.54p implies the 
inclusions 

WF-,%u) D WF{Blo,u) D WF-/{u)- s' > s. (4.55) 

Proposition 4.10. Suppose v E L^'**" for some s'q > sq (here Sq is given in \4.61^ ). 
Then the equation {H — X)u = v has a unique solution u G L^'^°° obeying one of 
the following conditions: 

(i) WF-,^-{u)^{h>~l}, 

(ii) WF{Bl^,,,u)<Z{b>Q}. 

This solution is given by u ^ R{X + iQ)v G L^'^^ for all s > sq and WF~^'' (u) C 
{6=1}. 

Similarly, under the same condition on v, the equation (H — X)u = v has a 
unique solution u G L^'~°° obeying one of the following conditions: 

(i) ' WF-'^iu) C {6 < 1}, 

(ii) ' WF{Bt^,^,u)<Z{h<0}; 

and this solution is given by u = R{\ — iO)v G L^'^^ for all s > sq and W F~'^'' (u) C 
{b=-l}. 

Proof. We shall only consider the first mentioned cases jl} or (they will be 
treated in parallel); the other cases can be treated similarly. By Proposition 14.71 
the function u = u := i?(A + iO)v is a solution to {H — X)u = v enjoying the stated 
properties (including Q and ([ii|). Suppose in the sequel that u G L^^"* for some 
t > So, {H - X)u = V and WF^%°{u) C {b > -1} or WF{B* f),u) C {b > 0}. It 
remains to be shown that u = u. 

Step I. We shall show that u G L^'^" for all s > sq. By Proposition [121 

WF-"'{u) C + = 1}, (4.56) 

AOp^{F{b^+c^ > 3))u G L^^-"" for aU A G *((C/ff)?, ff^a)- (4.57) 

It follows from (|4.55p , Propositions 14.31 and 14.51 and a compactness argument that 

WF-'iu) C {6 = 1} for all s > sq. (4.58) 

Pick a real-valued decreasing ip G C^([0,oo)) such that 'ip{r) = 1 in a small 
neighbourhood of and ip'^r) = -1 if 1/2 < r < 1. Let ^r{x) = ^{\x\/R); R> 1. 
We also introduce 

6 — max (t ~ so,2t — 2sq + /i — 2) , 

and check that 

S + s'„> t, So + S/2 + 1- fi/2>t and sq + S/2 < t. 
By undoing the commutator we have on one hand that 

- -2lm{v,X'^^PRu), (4.59) 

yielding the estimate 

\mX''^R])^\ < CillHUfJl \\uU-s'„ < C2\\v\U,\\ \\uU - OiR"). (4.60) 
On the other hand 

i[H,X-'^jj,] = Re {g{x)hs,B,Op^{b)); 

hsA^) = -SX~^-'i:R{x)+X-Wx\R)-^^'{\x\/R), 
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yielding by using ((i37)) . and the calculus (of. |Hol[ Theorems 18.5.4, 18.6.3, 

18.6.8]) 

{i[H,X-'i,u])u = ^c{g{x)hs,ROvr{bF{h > l/2)F{b^ + < 6)))„ + O(i?0), 

which in turn (by the same arguments) implies that 

{i[H,X-'^j,])u < -<54-i(<?(a;)X-2-Vfl)„ + O(i?0). (4.61) 

By combining (|4.60p and (|4.6ip we obtain 

{g{x)X-^-'i;R)u < C, (4.62) 

for some constant C which is independent of i? > 1. Whence, letting i? — > oo we 
see that u e ti := sq + S/2. 

More generally, we define for k E N 

tk = So + 2"^ max {tk-i - so, 2tk-i ~2sq + ^-2), to := i, 

and iterate the above procedure. We conclude that u E L^'^**", and hence that 
indeed u S L^'"** for all s > sq. 

Step II. Due to Step I, it suffices to show that m = is the only solution to the 
equation {H — X)u = subject to the conditions u E L"^-^^ for all s > sq and either 
WF-^^iu) C {6 > -1} or W^F(B*^ o,m) C {6 > 0}. In the following Steps III and 
IV we consider this problem. 

Step III. We shall show that u G q. Under Condition Q the bound ((1351) 
holds for s — Sq (by Proposition 14. 5p which implies that 

There exists e > such that WF{Bl f^,u) C {5 > e}. 

Under Condition ^ , we have the same conclusion due to (|4.56p and a compactness 
argument. Next, we apply the same scheme as in Step I, now with 6 = and using 
a factor of F{b > e) instead of a factor of F{b > 1/2). This leads to 

R-'{g{x)\x\-'i/{\-\/R-')U = o{R'^), 

and hence u E B*^^ q. 

Step IV. We shall show that u = 0. For convenience we assume that 62 < 2 — /i. 
First, letting s g]so— £2/2, so[ be given arbitrarily, our goal is to show that u E L^'^^. 
For that consider for k e]0, 1/2] 

6, = X^°a,; a, = (^) ' X-'° Fi-b > l/2)F{b'' + < 3). (4.63) 
Here we use the regularization factor of (|4.16p . We calculate the Poisson bracket 

{/ \ 2so — 2s-i / \ 2so— 2s — 1 

h2, (^) } = (1 - n){2so 2s){x)X-'X-'[^) gb. 

Obviously this is negative on the support of 6^, with the (uniform) upper bounds 

• • • < -8-1(2.0 - 2s)[{x)X^^°-'g)x-^[{^)-'X-^°y 

<-cX-'(^{^)-'X-^oy^ c>0. 

Similarly, by g^H]), 

{h2,F^(-b>l/2)} 

^ -i.(F^y(-b > 1/2)((1 - rVlg-'y + {rV;g-')g-'2{h, - A) + 0(r-^)) , 

where we expand the right hand side into a sum of three terms and note that the 
first term is non-positive. 
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We introduce the quantizations = Op"'(aK) and = Op*(6k), and the states 
ur{x) = 4'b{x)u{x), R> 1. By Step III, 

Um (i[i7,B2])„^^0. (4.64) 

H — >CfD 

On the other hand, due to the above considerations the expectation of i[H, B'^] in 
ur tends to be negative. Keeping the precise upper bounds in mind, we can let 
R ^ oo (using the calculus, (|4.12ap . to deal with a contribution from V3 and (|4.64p ) 
obtaining 

c\\X-^A^uf ( = lim c\\X-^A^ur\\^) < C, 

where the constants c (the one given above) and C are positive and independent of 
K. Whence, letting k — > 0, we conclude that 

Op"(i^(-6 > l/2)F{b^ + 5^ < 3))7i e L^--\ (4.65) 

Upon replacing the factor F{—b > 1/2) in (|4.63p by F{b > 1/2), we can argue 
similarly and obtain 



Op"(^i^(fe > 1/2)F(6^ + <3)jue L'--'. (4.66) 

In combination with Proposition 14.51 the bounds (|4.65D and (|4.66p and the fact 
that (|4.56p holds with sq replaced by s (note this is trivial since, by assumption, 
now t; = 0) yield that u E L?'^'' . 

Next, the above procedure can be iterated: Assuming that u £ L"^-^^ for all 
s > ifc := So — A;e2/2 (for some k G N), the procedure leads to u e L^'~* for all 
s > tk+i- Consequently, u G L^'" for all s G M. In particular u G L^, and therefore 
M = 0. □ 

5. Fourier integral operators 

In this section we construct and study certain modifiers in the form of Fourier 
integral operators; they will enter in the construction of wave operators in Section 

m 

5.1. The WKB ansatz. Assume first that Condition 11.11 holds. Fix (Jq g]0, 2[. 
Recall from Lemma [3TT] that there exists a decreasing function ]0,oo[9 A 1-^ Ro{X) 
such that on the set 

we can construct a solution 0"*" of the eikonal equation satisfying the (non-uniform 
in energy) bounds (|3.3p . 

We fix < (T < (t' < (To . Next we introduce smoothed out characteristic functions 

Xr(.) = l'' (5.1) 
^ ^ lo, forr < 1, ^ ^ 



and 



I 1, for /> 1 — cr, , , 

^^('^Ho! for/il-.'. ^'-'^ 



Define 



a+(x,0 ■.= X2{x-Oxi{\x\/Ro{\em). 
The basic idea of Isozaki-Kitada is to use the modifier given by a Fourier integral 
operator on L^(R'^) of the form 

(J„+/)(x) = (27r)-'^/2 J &^^^^^^^a+{x, OfiOd^, (5-3) 
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where 

denotes the (unitary) Fourier transform of /. 

If we assume that the potentials satisfy Conditions 12.11 and 12.21 then we can 
assume that the function Ro{X) is the constant i?o given by Lemma [3.21 Thus in 
this case the solution (/)+(x, w, A) of the eikonal equation is defined in r+^_^^ X [0, oo 
(here ctq is also given by Lemma 13.21 possibly it is much smaller than 2), and the 
amplitude ao is simply given by 

O'o{x,0 X2{x ■ i)xi{\x\/Ro)- 

5.2. The improved WKB ansatz. The modifier Jq (and its incoming counter- 
part, say J(7) is sufficient only for the most basic purposes, such as the existence of 
the outgoing (incoming) wave operator. To study finer properties of wave operators 
it is useful to use a more refined construction suggested by the WKB method. 

This more refined construction is possible and useful already under Condition 
11.11 However, for simplicity of presentation, in the remaining part of the section we 
will assume that the potentials satisfy the more restrictive Conditions 12.11 and 12.21 
These conditions allow us to extend this and related constructions (see Subsection 
15. 5p down to (and including) A = 0. Therefore, it will be convenient to switch 
between the two notations 0^(x,^) and (/<^(a;,a'. A). This will be done tacitly 
in the following, and in fact, we shall often slightly abuse notation by writing 
i^^O e r+^,ao instead of (x,c^. A) € r+^^^^ x [0,oo[. 

The WKB method suggests to approximate the wave operator by a Fourier 
integral operator J+ on L'^{R'^) of the form 

{J+f){x) = (27r)-'^/2 J e'*+(-'«)a+(a;, OfiOd^, (5-4) 

where the symbol a^(x,^) is supported in F^^ and constructed by an iterative 
procedure to make the difference T+ := i(iJ J+ — J+iJg) small in an outgoing region 
FJ (t fo'' some R > Rf), a < an. We have 

(T+/)(x) = (27r)-'^/2 J e'*^(-'«)i+(a;,0/(?)de, (5-5) 

where 

t+{x, = ((V,0+(a;, 0) • V, + i(A,0+(a;, 0)) a+{x, - ^ A,a+(a:, 0- (5.6) 

As it is well-known from the WKB method, it is possible to improve on the 
ansatz by putting (here we need ^ 7^ 0) 

a+{x,0 (detVeV,0+(x,e))'^'6+(x,e), (5.7) 

t+{x,0 ■■= (detVjV,</)+(x,0)'^'r+(a:,0- (5-8) 

We have 

{{W^cj)+{x,0) ■ V, + i(A,0+(x,O) (det V5V,0+(a;,O)'^' = 0, 
and therefore 

r+{x,0 = (V,0+(a:,C))-V,6+(x,O 

-(detV4V,</)+(x,0)"'^'iA, (detV5V,</)+(x,0)'^' b+{x,0- 
It is useful to introduce 

(+{x,0 = ln(detV5V,0(x,C))'/'; Cy^O. (5.9) 
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Note that it satisfies the equation 

(V,0(x, 0) ■ V.C+(2, + ^ A,</.(x, C) = 0. (5.10) 
Proposition 5.1. For {x,0 e r+^, ^ 7^ 0, 

C+(x,0 = U Aycl,+ {y+{t;x,0,Odt. (5.11) 



Proof. Both (x, ^) and the right hand side of (|5.1ip satisfy the first order equation 
(|5.10p . Both go to zero as \x\ 00. In particular, they go to zero along the 
characteristics i —> ?;+(t, a;, ^). Therefore, they coincide. □ 

Lemma 5.2. There exist the uniform limits 

iima5a2(c+(x,o-Cs+ph(^,o) • 

Besides, we have uniform estimates with e given as in Proposition 1 3. 3\ 

dtd2(ei^,0-C^{^,0)=O{\xr^^^-'), |<5| + |7|>0. 

Proof. Below div and V will always involve the derivatives with respect to the first 
argument. 

C+(^,0 - Cph(^'0 - (divF+(y+(t),0 - divF+,(y+,(i),0) dt 



r ^ - divF+,(y+ Jt),0) dt 



I + IP 



where y+{t) = ly+{t) + (1 - l)y+(^. 

Now / can be estimated (cf. p3f|l and fDST, (6.43)]) by 



CiJ^ \y+\-'g{\y+\r-'dt < C2 J,^ |y+r2|y+|("-)/"d|t/+| 

= 0(|a;|-^/") = 0(|a;|-'^). (5.12) 
Here a = 2/(2 + /i) and e > is specified in |DS1[ Subsection 6.1]. We used that 

>c5(|y+|), \y+\>ce, 00. 



dt 

Splitting the time-integral as dt + dt, the argument above yields (uniform) 
smallness of the second term (provided To is chosen big). As for the contribution 
from the first term, we can apply the dominated convergence theorem; whence we 
obtain the existence of limA\o I- 

Next d^dJI is a sum integrals of terms of the following form: 

d'jd2^y+ ■ ■■d'jd2-y+d;^d:VdWF{y+,0 ■ dy^i (y+it) - y+J<)) . 

where Si + -- - + 6n + i' + a = S and 71 + • • • + 7n + = 7. This can be estimated 
(cf. ffsM and [D5T1 (4.41) and (6.43)]) by 

C\x\-^^^\y+\-'g{\y+\r-\ 

We argue as above to obtain uniform bounds on d^d^I, as well as the existence of 
limA\,o 9^821. 

31 



Now // is bounded (cf. ( |3.5gP ) by 



oc 

Ci I \y+\-'-'9{\y+\)dt<C2 I \y+\-'-'d\y+\ = 0{\xr). (5.13) 

Jl J\x\ 

Then we apply the dominated convergence theorem as above, and we obtain the 
existence of hm;v\o II ■ 

df^dJII is a sum of integrals of terms of the form 

d'jd2^y+ ■ ■ ■ [dWF+{y+,0 dWF+^^{y+ ,o) , 

where 6i + ■ ■ ■ + Sn + i' = S and 71 + • • • + 7,1 = 7. This can be estimated (cf. p.5gP 
and [MTl (4.41) and (6.43)]) by 

C|xrl^l|y+ri-^"5(|y+l). 

Then we can argue as above. □ 
Define 

C+(x, uj, A) := C+{x, V2Xuj) - ln(2A)(2-'i)/4. 
Proposition 5.3. (i) There exist (uniform) estimates 

|C+(a;,c.,A)-lnff(|x|)('^-2)/2)| < C, (5.14a) 
dtd2C+{x,LU,\) = 0(|xrH), /or |<5| + |7| > 1. (5.14b) 

(ii) There exist (uniform) estimates 

(2X)(d-^)/^didZ (det VeV.0+(x,O)'^' , 
= g{\x\f''-^y^O{\x\-\^\), /or |5| + |7| > 0. (5.14c) 

(iii) There exist the locally uniform limits 

dtdZ~e{x,u:,0) \mi dtdZ~e{x,u,\). 

Proof. Let us first prove the estimates (|5.14bp for \5\ = 0, I7I > 1 in the spherically 
symmetric case. d^C'^^Yi^x,^) is an integral of terms of the form 

d2-y-d2-yd^AiyF+^{y+{t),S), 

where 71 + ' ' ' + 7« = 7- Using dZy+ = 0{\x\^~\''\g{\x\)g{\y+\)-^), cf. [DSll 
Proposition 4.9], these integrals are bounded by 

/"OO 

Ci / |x|-l^l+"g(|x|)"g(|2;+|)-"+i|t/+r"-Mt 



< C2 / |xrl^l+"g(N)"g(|y+|)-"|y+r"-M|y+|^0(N-H). 

J\x\ 

Thus 

52Cph(^'0-O(N-H) for|7|>l. 

Clearly we can argue as above for \5\ > as well. If I7I = 0, we can use the formula 
(valid due to spherical symmetry) 

Csth(^:^.e)-Cph(^^'^,0, 

for any d-dimensional rotation i?,,. Clearly this converts cj-derivatives to ^-derivatives, 
and consequently we have shown (|5.14b[) in the general case. 

Taking into account Lemma [5.21 we obtain the estimates (|5.14b[) in the general 
case (when V is not necessarily radial). 

We have 

Cph(^: i) = Cph(^, + /' V.C+ph(^, \/2Ac.(/)) . c.^(/)dZ, 

Jo 
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where [0, 6] B I i-^ lo{1) is the arc joining x and lo and is the tangent vector. 

Using (ITTHl) and (I5.14b|) with \6\ = 1, I7I = and Lemma Ol we obtain (|5.14ap . 

The above arguments in conjunction with the proof of Lemma 15.21 can be used 
to prove that there exist the hmits 

Ym,dtd2l+{x,u:,\), |<5| + |7|>1. 

We know from the cxphcit formula ()3.13|) that hmA\o Cs[)h('^' ^) exists locally 
uniformly in x. Hence so does limA^^o C^(2;j '^j locally uniformly in (2;,^) G F^. 
As for the bounds (|5.14cp . we use (|5.14ap and (|5.14b|) . □ 

5.3. Solving transport equations. Introduce the operator 

M - (detV5V,(/.+ (a:,0)"'^'5A, (detV5V,(/.+ (a;,0)'^' 
= e-«^(^'«)^A,e«^(^'«) 



Notice that due to Proposition 15.31 this operator is well-defined at A = (more 
precisely, for {x,uj,\) e r+ x {0}). 
We define inductively for (x,^) £ TJ^^: 

h+{x.X) 1; 

poo 



Proposition 5.4. There exist the following (uniform) estimates: 

dtd2b+{x,0 - 0(|xr™(i-^/2)-l^l), (5.15a) 

did2Mb+{x,0 = 0(|xr2-™(i-^/2)-l7l). (5.15b) 

Proof. For a given m, (|5.15ap easily implies (j5.15b[) . 

Integrating d^dJMhmix^S,) we can bound df^d].hm+i{x,£) by 

|y+|-2-m(l-Ai/2)-|7|j^ 

< c, / iy+r^-™(i-^/^)-i^i<?(i2/+i)-M|y+i 

J\x\ 

< C2 |y+|-2-™(l-M/2)-|7l+p/2d|j^+| ^0(|3.|-(™+l)(l-p/2)-|7l), 

J\x\ 

This shows the induction step. □ 
We set 

00 

m=0 

for an appropriately chosen sequence R„i 00 (this is an example of the so-called 
Borel construction, cf. |Ho2i Proposition 18.1.3]). There are (uniform) bounds 

dtd2b+{x,0^O{\x\-^''^). 

We introduce 

r+ix,0 = (V,<^+(a;,0- V, + Af)6+(a:,e), 
<r(a^,0 = X2(x-a>)(V,0+(x,O-V,+Af)6+(x,O, 
rU^^O = r+{x,0-r+{^,0- (5.16) 
(The subscript pr stands for the propagation and bd stands for the boundary). 
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Proposition 5.5. There exist (uniform) bounds 

and ^^^{XtS^) is supported away from ^ and 

9'5>+(.T,0-O(g(|x|)N-i-l^l). 

5.4. Constructions in incoming region. Using the phase function — <j>~ {x, uj, A) 
given in (13. 6p we can construct a symbol a~ = e^ b~ with t~ = e^ ('"pr+^bd)' '"pr — 
0{\x\~°°) and the symbol r^^ — 0{^g{\x\)\x\~^) vanishing on a given ^ C T~^^ 
and obeying appropriate analogues of the conditions of the previous subsection. 
Similar to (|5.4p we consider the Fourier integral operator J~ on L^(R'') given by 

{J-f){x) = (2^)-'^/2 / e'^" (:r,0/(e)de (5.17) 



5.5. Fourier integral operators at fixed energies. For all r e L'^{S'^ ^) we 
introduce 



{J^{X)t){x) := (2^)-''/2y e'^ ("^"^^)a±(a;,cj,A)rHdw, (5.18) 
(r±(A)r)(a;) := (2^)-'*/2 / e'^*("''"'^)t±(a;, c^, A)T(w)dw, (5.19) 



where 

d^{x,uj,\) := (2A)('^-2)/4^±(^^^^)^ 
i^{x,to,\) := (2A)('^-2)/4^±(^^^^)^ 

The functions a* and are continuous in {x,uj,X) eW^ x S"^^^ x [0,oo). This 
fact will be very important in the forthcoming sections. Due to these properties we 
can define J^(A) and T*(A) at A = by the expressions (j5.18p and (|5.19p . respec- 

r^d(A) + Tp± 

(I5TBD (cf. (OD ). 

Throughout this subsection e signifies the e > appearing in Proposition [ 
(it is tacitly assumed that e < 1 — Ai/2)). For the problems at hand we can use 
coordinates for uj E S"^^^ sufficiently close to the d'th standard vector ed G K'' 
specified as follows (using a partition of unity in the i-variable and a rotation of 
coordinates this is without loss of generality): 



tively. We can split r*(A) = ^^(A) +Ti'^(A) in agreement with the decomposition 



Lu = LUj_ + Uded] ujd — y I — Lo^, ujj_ E M. , small. (5.20) 

Proposition 5.6. There exist a (large) R> Rq and a (small) a G]0,f7o] such that 
for all \x\ > R there exists a unique oj E S"^^^ satisfying uj ■ x > 1 — a ( alternatively: 
x E r~^^{uj)) and duj(f>^ {x,uj, X) — 0. We introduce the notation = ^^^^^(a;, A) 
for this vector. It is smooth in x and we have 

d2{uj+,-x) = o{\xr-^^^). 

Let 

(/.(x,A) = 0+(a;,c^+t(x,A),A). (5.21) 
This function solves the eikonal equation 

{d,(f>{x,X))y2 + V{x)^X. 

In the spherically symmetric case we have oj'^^.^ — x and 

^ r\A , 

0sph(a;,A) = V2Ai?o+ / v/2A - 2y(r)dr. (5.22) 
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The proposition is obvious in the case V2 = 0, of. (|3.9p . The general case follows 
by an application of the fixed point theorem, cf. the proof of the similar statement 
[m Lemma 4.1]. At this point one needs some control of the Hessian; we refer the 
reader to the proof of Theorem 15.71 

Of course, there is an analogue of Proposition 15.61 in the — case; we then need 
to replace (p~^ with 0^, and x with —x. We obtain lj'^^.^{x,X) — — A). Note 
the identity 

(j){x,X) = -0"(x,u;^.t(2;,A), A). 
Theorem 5.7. Let r e C°°{S'^-^). Then 
(j±(A)r)(x) 

= (27r)-5e=F"^^5~5(r,A)r^^(e±'"*(^'^)T(±x) +0(r-^")). (5.23) 

Moreover i5. 23\) is uniform in {x,X) G S'^^^ x [0,cxd[. The same asymptotics holds 
for 

±g-'^x ■pJ^{\)t{x). 

Proof. We invoke the method of stationary phase (with a parameter given by the 
expression h = h{r) of p.l4p ). cf. |,Hol|, Theorem 7.7.6] or IJlj Theorem 4.3]. For 
simplicity we consider only the + case and we abbreviate Wcrt = '^trt- This method 
yields (up to a minor point that is resolved below) that 

(J+(A)r)(x) =(27r)-«c-"^^|dct(920+(^,,,„^,A)/27r)ri 

X e'*^(^''^"-^)(a+(x,o;crt,A)T(wcrt) +5^0(r-^^)). (5.24) 

Let us consider the Hessian. We first compute it in the case V2 = choosing 
coordinates such that x — Cd and using (|5.20p : 

dl^4>%hi^ = x) = -d^^di(j)+p^{uj = x), 
and using the fact that 

du^di(l)tp^{u;^x)^hl, (5.25) 

cf. the computation p.l2p (here / refers to the form on TSfz^ x TS^'~^ given by 
the Euclidean metric), we obtain that 

dl^cl)+hi^ = x) = -hl. (5.26) 

In particular the critical point is non-degenerate in this case. 

Since Wcrt is a critical point, the second derivative has an invariant geometric 
meaning. Therefore, we can drop the reference to the special coordinates and 
we can write simply for d^^ in the left hand side of (|5.26p . The formula (|5.26p 
is then valid for all x e S'^^^. 

The general case is similar. In particular, after applying Proposition 13.31 and 
(|5.26p . we obtain 

\det{dl(j>+{x,Lu„t, Xj)\ = h^-\l + 0{r-')). (5.27) 

We conclude by combining (|3.13p . Lemma [5.21 Proposition 15.31 (j5.27p and the 
construction of the symbol 5+ that (|5.24p and indeed also (|5.23p hold. 

The second part of the theorem follows similarly. □ 

6. Wave matrices 

In this section we study (modified) wave matrices. We prove that they have a 
limit at zero energy, in the sense of maps into an appropriate weighted space. This 
implies asymptotic oscillatory formulas for the standard short-range and DoUard 
scattering matrices. 
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6.1. Wave operators. The following theorem is essentially well-known (follows 
from (13. 3p ). It describes a construction of modified wave operators similar to that of 
Isozaki-Kitada [IKl) IIK2] . Notice, however, that the original construction involved 
energies strictly bounded away from zero. Notice also that the construction of 

in Sectional although given under Conditions 12.11 and 12.21 in fact can be done under 
Condition 11. 11 as well. 

Theorem 6.1. Suppose that V satisfies Condition \l.ll Then 

W^f^ lim e'*^ Jo±e^'*-f^°/ = lim e'*-^^ J^e"'*-^"/; / G Cc(M'* \ {0}). (6.1) 

t — )-±oo t — )-±oo 

The "wave operator" extends to an isometric operator on L^(R'*) satisfying 

HW^ — W^Hq, and its range is the absolutely continuous spectral subspaces of H . 
Moreover, 

0= lim e''"j^e-''"°f^ lim e'*" J^e'''"" f; f e CdR'^ \ {0}). (6.2) 

t — >=poo t — >=poo 

Remarks. We know that J(^l]e,oo[(^^o) and J^l]£_oo[(-ffo) are bounded for any 
e > 0, but we do not know if Jq and are bounded (not even under Conditions 
12.11 and 12. 2p . This is the reason for restricting the choice of vectors in (|6.ip and 
()6.2p . An alternative, and equivalent, definition of as a bounded operator on 
L'^(R'') is the following: 

VF± = s- lim s- lim e'^" li, oo[(^o)e"'*-^° . 

The following general fact serves as the basic formula in stationary scattering 
theory, see Appendix El for a derivation. 

Lemma 6.2. Suppose there are densely defined operators J* and on L^(M'^) 
such that J^l]e.oo[(^o) o,n'd 2^^1]e,oo[(^o) bounded for any e > and that 
f^f = i{HJ^ - J^HQ)f for any f G L^iW^) with f e Cc(IR'' \ {0}). Suppose there 
exists 

W^f ■= lim e'*-f^J±e-'*-^°/, / e Ce(M'^ \ {0}). 

t — >±oo 

Then we have the following formula 

W^f = lim /(J± +ii?(ATie)T±)5,(A)/dA, (6.3) 

^here 5,(A) = ^o(A+.eKi.o(A^.e) ^ ^ ^(^^ _ + ^2y\ 

6.2. Wave matrices at positive energies. For any s S R we recall the definition 
of weighted spaces L'^'''{W^) := {1 + x'^y/'^L'^QK'^). 

Let denote the Laplace-Beltrami operator on the sphere S'^~^. For n S M we 
define the Sobolev spaces on the sphere L^^"'{S'^-^) := (1 - A^)-"/^L^{S'^-'^). 
For A > we introduce J^o{X) by 

ToWfi^) = (2A)('^-2)/4/(V2A^). 
Let s > i and n > 0. Note that J-o(A) is a bounded operator in the space 
B(L2'''+"(R''), L2'"(S"'-1)) and depends continuously on A > 0. Likewise, Tq{X)* € 
6(L2 -"(S"'-i), -''-"(R'^)) and it also depends continuously on A > 0. Note also 
that the operator 

J eJ^o(A) dA : L^M.'^) (SL^iS"^-^) dX (6.4) 

is unitary; consequently the operators J-oiX) diagonalize the operator Hq. Finally, 
s-lim(5e(A) = J^o(A)*J^o(A) in S(i2.«(M'i)),L2--''(R'*)). (6.5) 
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Due to the limiting absorption principle we have the following partial analogue 
of (|6.5p for the full Hamiltonian, defined under Condition ll.il Let s > ^ and 

C(A):=^(^±4^^i^. (6.6) 

Then there exists 

S^{\) := s - lim SY{X) in ^(^^'^(M'*)), L^'-^R^^)). (6.7) 

The operator- valued function S'^ {■) is a strongly continuous function of A > 0. 

If Conditions I2.1H2.3I are true then we can extend the definition of 6^ {X) to 
include A = if we demand that s > 5 + ^ , and the corresponding operator- valued 
function will be a strongly continuous (in fact, norm continuous) function of A > 0, 
cf. Remark HmUl). 

In the remaining part of this section we shall assume that the positive parameter 
a' in (j5.2p is sufficiently small (this requirement can be fulfilled uniformly in A > 0). 
Notice that the condition conforms well with Lemma 13.21 we need it at various 
points, see for example the proof of Lemma 16.91 

Formally, we have J±(A) = J^Tq{X)* and r±(A) = T^Tq{X)*. This suggests 
that ()6.3p can be used to define wave operators at a fixed energy. This idea is used 
in the following theorem (which is essentially well-known). 

Theorem 6.3. Suppose that the potential satisfies Condition ] 1. 1\ Let e > 0, n > 
and A > 0. Then 

Vr±(A) J±(A) +ii?(ATiO)T±(A) (6.8) 

defines a bounded operator inB{L'^''^^^{S'^^^),L'^~^"'^^^{W^)), which depends con- 
tinuously on A > 0. It depends only on the splitting of the potential V into Vi 
and V3 (but does not depend on the details of the construction of ). For all 
f e L2,^+s(K<i) and g G Cc(]0,c»[), we have 

/>00 

W^g{H„)f= / g{X)W^{X)To{X)fdX. (6.9) 
Jo 

Moreover, 

W^{X)W^{X)* ^6^{X). (6.10) 

We set 

w^{lu,X)^W^{X)S^, 
where 6u) denotes the delta-function at uj E S"^^^. Then for all multiindices S the 
function 

S'^~^x]0,oo[3 (w,A) diw'^{uj,X) e L^'^P{R'^); p> \S\+d/2, 
is continuous. 

Remark. The operator W^{X) : V'[S'^-'^) -> is called the wave matrix at 

the energy A. Its range consists of generalized eigenfunction at the energy A. The 
function w^{uj,X) (which belongs to W^='=(A)L^'5~P(S"^~^) for p > |) is called the 
generalized eigenfunction at the energy X and outgoing (or incoming) asymptotic 
normalized velocity to. 



Let us explain the steps of a proof of Theorem l6.3l (in the case of "-f "-superscript 
only); our (main) results contained in Theorems 16.51 and 16.61 will be proved by a 
parallel procedure. 

First one introduces a partition of unity of the form 

/ = Op'(x+(a)) + 0^\xAa)X-m + Op''(x-(«)x+(6)) 
= : Op'(xi) + Op^(x2) + Op'(x3). (6.11) 
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Here a and b are the symbols introduced in (|4.4p (rather than in (|4.ip since we 
do not here impose Conditions 12. 1112. 3p and x+ is a real-valued function as in 
Proposition [13] (EU such that x+{t) ~ 1 for t > 2Co, and x- = 1 ^ X+- Moreover, 
X- , X+ S C*"" (IK-) are real- valued functions obeying x- + X+ = 1 and 

suppx- C (— oo, 1 — ct], (6.12) 

supp x+ C [1 — 25-, oo [. (6.13) 

The number a needs to be taken (small) positive depending on the parameter a of 
Subsection 15.11 (For the proof of Theorems 16.51 and 16.61 to be elaborated on later 
we refer at this point to (j6.38p for the precise requirement.) 
The proof of Theorem 16.31 is based on the following lemma: 

Lemma 6.4. Suppose that the potential satisfies Condition ll.li 

(i) For all n > and e > 0, J^(A) is a continuous function in X > with values 
m S(L2'-"(S"^-1), L2'-^-^-»(Rrf)). 

(ii) For allneM. and e > 0, T+^{X) is a continuous function in X > with values 
m 6(L2'-"(S"'-i),L2.^-^-"(Rrf)). 

(iii) For all m, n e M, C)p'^(X3)^bd(-^) ^•s o, continuous function in X > with values 
in 6(L2^-"(5'^^1), L2.'"(Kd)). 

(iv) For all m,n € M., Tj^(A) is a continuous function in X > with values in 

6(i2.-"(5d-l)^^2,m(]jd))_ 

More general statements than Lemma 16.41 (lll)- ([ivl) will be given and proven in 
the context of treating small energies (see Lemma : these statements are under 
Conditions 12.11 and 12.21 Let us here use (jl|--(|iv| in an 

Outline of a proof of Theorem \6.3l The expression ()6.8p is a well-defined element of 
^2,- ^-c-nj-jjd-j-j ^^jq positivc energy version of Proposition 

Ol and Lemma [Ol this is for any e > and n > 0. (Notice that ()4.46p holds 
for any < G M by Lemma [6.41 ) Effectively, this argument is based on the following 
scheme (to be used below): We insert the right hand side of (|6.1ip to the right of 
the resolvent in (|6.8p and expand into three terms. Whence, by using Remark 14.21 
HI and Lemma f6.4| we see that W~^{X) is a sum of four well-defined operators in 
B(L2'-»(S'^"i),L2^-^-^-"(Mrf)), hence well-defined. 

Next note that A t-^ W~^{X) is norm continuous, due to the norm continuity of 
each of the above mentioned four operators, which in turn may be seen by combining 
the continuity statements of Remark I4.2| H|) and Lemma 16.41 

The statement on the independence of details of construction of is based on 
the positive energy version of Proposition 14.101 the interested reader will realize 
this by using arguments from the proof of Lemma [6. 101 stated later. 

The formula ()6.9p can be verified by combining (j6.3p with arguments used above, 
see Appendix |^ for an abstract approach. The identity (|6.10p is a consequence of 
(EH). 

Finally, due to the fact that d^S^ & L^.i-pj-^-d-i) f^j.^ > |^|_^| ^^-^^^i continuous 
dependence of w G S'^~^), we conclude that indeed d^w^{uj,X) £ L'^'~p{R'^) with a 
continuous dependence of lo and A. 

6.3. Wave matrices at low energies. Until the end of this section we assume 
that Conditions I2.1H2.3I are true. The main new result of this section is expressed 
in the following two theorems which concern the low-energy behaviour of the wave 
matrices of Theorem 16.31 

Theorem 6.5. For s > ^ + f and n>0, 

W^±(0) := J±(0) +ii?(TiO)T±(0) (6.14) 
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defines a bounded operator in S(L^'^"(5'*^-^), i^'^''^"^^^^/^^(R'')). It depends only 
on the splitting of the potential V into Vi + V2 and V3 (but does not depend on the 
details of the construction of ). We have 

W^iO)W^iO)* ^S^{0). (6.15) 

// we set 

then we obtain an element of L'^'^p(W^) with p > 5 + ^ — ^ depending continuously 
onuj. In fact, more generally, d^^w^{uj,0) G L^'-P{R'^) with p > (|<^| + f ) + f 

with continuous dependence on lu. 

Theorem 6.6. For all e > and n>0, 

{{x)g)-"(xy^-''g^W^{\) (6.16) 

lis a continuous B{L'^'~"'{S'^~^), L^{M.'^))-valued function in X E [0,oo[. 
For all e > and all multiindices d, the function 

S''-^ X [0,oo[3 {lu,X) ^ {{x)g)-\^\+^-i{x)-^-'g^diw^{LJ,X) e L^iR'^) 
is continuous. 



The following corollary interprets Theorem 16.61 in terms of the usual weighted 
spaces: 

Corollary 6.7. Let n > 0. We have 

W^±(0) = lim W^iX) 

in the sense of operators in S(L^'^"(S''^^"'^), L'^'^"" (M'')), where 
Sn > ^ + n + max (O, j — n^) . For all multiindices 6, the function 

5"^-i X [0,oo[9 {lu,X) ^ a>±(cj,A) e L^-P{R'^) 

is continuous, with p > ^ + \5\ for d > 2 and p > + \S\ + max(0; (1 — 2|(5|)^) for 
d=l. 

The proof of Theorems 16.51 and 16 .61 is based on the following analogue of Lemma 
16.41 (for convenience we focus as before on the case of "+" -superscript only). The 
symbol X3 appearing in the statement below is specified as before, i.e. by (|6.1ip 
and the subsequent discussion. 

Lemma 6.8. (i) For all n > and e > 0, 

{{x)g)-{x)-i-^gij+{X) (6.17a) 

is a continuous B{L^-^''^{S'^^^), L'^{R'^))-valued function in X E [0,oo[. 

(ii) For all n eR and e> 0, 

{{x)g)-(x)i'^g-^T+^{X) (6.17b) 

is a continuous B{L'^'^'^{S'^^^), L'^{W^))-valued function in X G [0,oo[. 

(iii) For all to, n G M, 

(:^>"0pXx3)T+(A) (6.17c) 

is a continuous B{L'^'^^''{S'^'^^), L'^{M.'^)) -valued function in X Q [0, oo[. 

(iv) For all to, n e R, 

(x)™Tp+(A) (6.17d) 
is a continuous B{L'^'^'^{S'^^^), L'^iW^)) -valued function in X E [0, oo[. 

Later on we will actually need a slightly stronger bound than the one of Lemma 
(i) with n = 0, which we state below (referring to notation of (|4.6p and (|4.54p ): 
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Lemma 6.9. For all r e L?'{S'^ J^{\)t E B*^. In fact, with a bounding 
constant independent of \> 0, 

gij+{X)eB{L\S''-'),Bl). 

2 

Proof. We need to bound the operator := R^^ {X)* gl^^x\<R}J^ W indepen- 
dently of i? > 1 and A > 0. Writing Pr = R-^ j" dr J^^ Qrdx with 5^ {|x| = r}, 
it thus suffices to bound the operator Jg Qrdx independently of r > and A > 0. 
Step I. Analysis of Qrdx. The kernel of Qr is given by 

Q,(w,w') =e'(^^("'"''^'^'^^("'"^^))a(a;,c^,c^',A), 

where 

a(x,a;,w',A) = {2Tr)~'^g{\x\,X)h+{x,uj,X)5,+ {x,uj',X). 
For simplicity, we shall henceforth omit the superscript +, r > and A > in the 
notation. 

Our goal is to show that Jg Qrdx is a PsDO on L'^{S'^^^) with symbol b{u!, ui', z) 
obeying uniform bounds (uniform in r > and A > 0) 

ie€'5"^i<^^/5i,fe,«(^>"'"'- (6.18) 

Clearly this would prove the lemma. 

We can use a partition of unity on 5^^^^, and therefore we can assume that the 
vectors Ld,u)' and 2; are close to the d'th standard vector Cd € K''. Consequently, 
we can use coordinates 



Lo = uj^+UdCd, ujd^ \l- uj\, (6.19) 



X = x^+ XdCd, Xd = \/r'^ - x\. (6.20) 

Next we write 

(f){x^ Lo') — (j){x, uj) = {uj± — uj'jj • z, z = — / d^^(j){x, s{ijj' — cj) + uj)ds 



step II. We shall show that the map 

Sr ^ U 3 X ^ Tx = z e R"*^^ is a diffeomorphism onto its range. (6.21) 

Here lA is an open neighbourhood of Cd containing the supports of a(-, cj, tj'). 

To this end we investigate the bilinear form dxdui(t){x,uj) on TS^^^ x TS'^^^. 
Note that 

dxd^'P%^{x = uj) = r-^hl, (6.22) 

cf. (ICT) . 

In the coordinates (|6.19p and (|6.20p . the identity (I6.22p reads for Zgph — {Tx)sph 
(here we consider the case where V2 — 0) 

dxjZsph, i{uj = uj' ^ x) ^ -r^^h{5.i.j + w^^w^Wj) , i,j <d-l. (6.23) 

Due to (|3.15p . Proposition 13.31 and ()6.23p we obtain the more general result 

dx,z, = -r-^h{6^J+uJ^^uJ^uJ, + O(a') + 0{r-')), t,j<d-l. (6.24) 

Here O(cr') refers to a term obeying |0((t')| < Ca' , where a' > is given in ()5.2p 
(assumed to be small). 

In particular, T is a local diffeomorphism with inverse determinant 

|a.,zr' = i-r-'h)'-''{L,',)'{l + 0{a') + 0{r-')). (6.25) 

For a later application we note the uniform bounds 

d^'d^Jd^\dx^z,r^ = g^-^r-\^\0{r"). (6.26) 
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Also, T is injective: Suppose Tx^ = Tx^, then 

- / d^^zi{s{x^-x^)+x^){x]-x^j)ds 
Jo 

= -r-'h{{5,, + ujfuj.u:,) + 0{a') + 0{r-')) {x] ~ x]). 

Using the invertibihty of the matrix 5ij + uj'^'^uJiUJj, it foUows that x^ = x^ . 
Step III. Analysis of symbol b. Due to Step II, we can change coordinates and 
obtain that Qj-dx is a PsDO with a symbol h = \dxjZi\~^a. It remains to show 
(|6.18p . For zero indices /3i = /32 = a = 0, we obtain the bound by combining 
Proposition [Uni and ()6.25p . For derivatives, we note the bounds 

|9f^af?a,"z|<C^„^,^„5^i-l"l, (6.27) 

which by a little bookkeeping yields 

|9£^af?9>|<C^,.^„^r(z)-H. (6.28) 

Another bookkeeping using Proposition ESI (|6.25p and (|6.28p yields (|6.18p . 

□ 



Proof of Lemma 1 6. We drop the superscript "+" and the parameter A in the 
notation. We first prove uniform boundedness on any compact interval [0, Ai]. 
Re di]). We replace J = J(-) by Jx(w), where x & C°°(S"*^^) with a sufficiently 
small support. We can assume that n is a non-negative integer. Instead of studying 
J(l - A^)"/2, it then suffices to study Jd^ for < n. 

Integrating by parts, we observe that the corresponding integral kernel equals 

C5^(e"^(=^''^)a(x,cj)) = e"^(^^'^)a^(2;,w), 

where is a linear combinations of terms of the form 

9:^(/)(x,c.)...9^'^'(/.(x,c.)9^«&(x,c.), 

with 1^0 + i/i + ■ ■ ■ + i^k = 1^- Thus, using that \d^(l)\ < C{x)g (cf. (fHUdll ^ and 
Proposition 15. 31 we obtain 

dtd2d,{x,Lu) = 0((:E)"-l^lg"+^). (6.29) 

Then we follow the proof of Lemma 16.91 

Re dn]). Assume first that n > 0. Then we follow the same scheme as above. The 
bound on the relevant kernel needs to be replaced by 

dtd2l{x,u:) = 0((x)"-i-l'^l5"+^), (6.30) 

cf. Proposition [531 Using ()6.30p we can proceed as before. 

Assume next that n < 0. We can assume that n is a negative integer. For fixed 
X, we decompose u ~ uj± + ^1 — w^i, where uj± ■ x = 0. By (|3.11cp . we have the 
uniform lower bound 

|Vcjj^0(a;, u;)\ > c\x\g for x ■ uj < I — a, (6.31) 
and by (j3.11dp the uniform upper bounds 

\dt^ct>{^,u;)\<C\x\g. (6.32) 
We apply the non-stationary method based on the identity 



After performing — n integrations by parts, the bounds (|6.3ip and (|6.32p yield 

TxT = E J ii'i^^^)9!l,^T{u;)duj, 



|i/|<-ri' 
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where the functions t^, also satisfy the bounds (|6.30p . Then we proceed as before. 
Re (pTi|l . The kernel of Op''(x3)7bd(-) is given by the integral 

d^e-«y e'(*(^''^)-«-«)fc(c.,y,0d2/, kiu;,y,0 = {2n)-^'"\:i{y,£.)iUy.^)- 
It suffices to show that 

j e'^'''^y^'^^-y^^k{Lj,y,£,)dy\ < Cp^s uniformly in and A. (6.33) 

Notice that the symbol k is compactly supported in ^. First we observe that (using 
notation of Subsection 14.111 



fc = fct^.A e 5'unif(g^ (2;) \5m,a)- 

We can substitute k k = F{\y\ > 2R)k{uj,y,^). 
Next we integrate by parts, writing first 



We need to argue that — dycj) ^ on the support of the involved symbol. 
For that we recall the following elementary inequality valid for all zi, Z2 G R'^ and 

Kl, K2 > 0: 

\zi - > min(«:2/2, ^2 - kI/2){\zi\^ + \z2\^), (6.34) 
provided one of the following three conditions holds: 

\Z2\ < (1 - Kl)kl|, \zi\ < (1 - K.l)\z2\ or Zl • Z2 < (1 - K2)kl||2:2|- 

Now, on the support of the symbol k we have (1 — (T')|y| < y ■ u! < (1 — i7)|y|, cf. 
(|5.2p . Wc use these inequalities in (|3.5cp and (|3.5dp . yielding 

1-Ca'- C\yr < ^4^4 • y < 1 - + C\yr, 

|Vy0(?/,w)| 

which in turn (if R is taken large enough) implies that 

l_2Ca'<^4^./-<l-^a. (6.35) 

- 9i\y\) (y) - 2 ^ ' 

We claim that there exists a small c' — c'{(t, a') > such that 

\^-Vy(f>iy,L^)\>c'{\^\ + \Vy^{y,Lo)\) (6.36) 

on the support of k (showing in particular that ^ — dycj) =/= 0). 
Obviously, ()6.36p follows from (j6.34p with 

provided one of the above three conditions hold. If all of those conditions fail, so 
that intuitively zi ~ Z2, we can replace Z2 in (|6.35p by zi yielding 

1 - 3Ccr' < b{x, < 1 - ^cr. (6.37) 

Here we applied (j6.34p for some ki and K2, depending on a and a' . Now, the second 
inequality of (|6.37p is violated on the support of x+{b{y, ^)), provided that ct > 
of (|6.13p is chosen such that 

2ct < ^cr. (6.38) 

We have shown the bound (|6.36p on the support of the symbol k, and therefore in 
particular on the support of the relevant symbol, after performing the y-integrations 
by parts. The estimate (|6.33p follows. 

Re (p^. First we assume that n > 0. Integrating by parts in cu, as in the proof 
of 0, and using Proposition 15. 5[ which says that ^p,. with all its derivatives is 
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0{{x)-°°), we obtain that (a;)"Tpr(A) is in 6(L2'-"(S"*-1), L2(R'')) for any m. 
The case n < then follows trivially. 

Let us now prove the continuity. Consider for instance Let t G C°°{S'^^^) 
and set 

Clearly, for (small) k > 0, 

JnA>^)T = FiK\x\ < 1) J„,e(A)T + F{k\x\ > 1) (x) "^/^ J„,,/2 ( A)t. (6.39) 

We know that J„,c/2(A) is bounded uniformly in A. Hence the second term on 
the right of (109]) is 0(k'/2). 

We know that a{x, uj, A), (j){x, ui, A) and g{x, A)*^ are continuous down to A = 0. 
The first term on the right of (|6.39p involves only variables in a compact set. 
Therefore it is continuous in A. Hence J„^e(A)r is continuous as the uniform limit 
of continuous functions. 

By the uniform bound, which we proved before, we conclude that Jn,e(A) is 
strongly continuous in ^(L^ -"(S"*-i), L2(R'^)). 

Now 

J„,,(A) = //V„+,/2,,/2(A)(1 - A^)-^/4(l - A^Y/\ 

where t/*^/^ is strongly continuous, Jn+e/2,e/2(A) is strongly continuous in 
g(^2,-n-e/2^5d-i)^ 2.2(1^^)), (l-A^)-<^/4 is a compact operator on L2'-"-^/2(S"^-1) 
and (1 - A^)^/4 is a unitary element of B{L^-~"{S''-'^), L^'-''-'/^{S'^-^)). We in- 
voke the general fact that the product of a strongly continuous operator-valued 
function and a compact operator is norm continuous. Whence we obtain the norm 
continuity of J„,,(A) in S(L2.-"(5"'-1), ^2(11^)). 

The proof of the norm continuity of the operators in the remaining parts of the 
lemma is similar. □ 
Outline of a proof of Theorems \ 6. 5\ and 1 6. 61 The proof goes along the lines of the 
proof of Theorem 16. 31 In particular this amounts to inserting the right hand side of 
()6.1ip to the right of the resolvent in ()6.8p and expanding into three terms. Next, 
using Proposition 14.11 and Lemma [6.81 we conclude that T/F"''(A) is well-defined as 
a sum of four operators, say TjiX). In fact, all of the four maps 

[0,(X3[9 A^ ((a:)5)-"(a:)-5-5^T,(A) G BiL^^-^iS"-^), L^W')) 
are continuous. 

For the independence of W^{\) of cutoffs, we use Propositions 14.81 and 14.101 in 
the same way as in the arguments for deducing (j6.40p stated below. 

The formula ()6.15p follows by combining ()6.10p . Remark I4.2| [^ and the shown 
continuity properties of W^{X) and W'^{X)* . □ 

Lemma 6.10. For any A > 0, i?(A±iO)T±(A) is well-defined as a map from 
V'{S'^-^) to L'^'-°° and 

J± (A) + ii?(A±iO)r± (A). (6.40) 

Proof. Note that we can extend Lemma 16.81 as follows: Let x_ G C^(R) and 
X- e C^(]R) with suppx- C] — 00,2(7 — 1[ for some small ct > 0. Then, for all 

TO, n G R, 

Op'(x-(a)x-(6))T+(A), Op\x-{a)x-{b))J+ W G BiL^^-^S"-'), L^^^^iR")), 

cf. (|6.37p (recall the standing hypothesis of this subsection that the positive pa- 
rameter a' in (|5.2p is sufficiently small). 
Therefore, for ah r G V'iS"^-^) and s G R, 

{WFi,{T+i\)T) U WFi,{J+i\)T)) n {6 < a - 1} = 0. (6.41) 
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By the definition of T+(A), 

{H - X)J+(X)t = -iT+(X)t = -i{H - A)i?(A+iO)r+(A)r. (6.42) 

Notice that due to ((OT1) and Proposition [Ml dml), the vector u = i?(A+iO)T+(A)T 
is in fact well-defined and 

WF^^{u) n {6 < 0- - 1} = 0. (6.43) 

Using (|6.4ip - (|6.43p and Proposition l4.101 we conclude that the generalized eigen- 
function satisfies 

J+(A)T + ii?(A + iO)T+(A)T = 0. (6.44) 

□ 

Remark. There exists an alternative time-dependent proof of Lemma 16.101 that 
avoids the use of Proposition 14.101 Due to (|6.2p 

O^lim /(J± +ii?(A±ie)r±)(5,(A)/dA, / G Cc(R'^\{0}), 

cf . Lemma 16.21 or Appendix [X] The right hand is given by 

j ( J± + iR{\ ± iO)T±)(5o(A)/dA, 

cf. Appendix [X] Whence, by a density argument, (|6.40p follows. □ 

We complete this subsection by discussing a certain refined mapping property of 
W^{X). Besides its own interest its application (see Corollary 16.121 stated below) 
will be needed in Section [H The result is related to the fact that the continuity in A 
of the operators in (|6.16p and (|6.17ap is proven only for n > while the continuity 
in A of the operator in (|6.17bp is valid for all n € M. 

Theorem 6.11. Fix real-valued XiX- € C^(R) and x+ G C°°(R) such that 
suppx- C]-1,1[, x'+eC^{^) andsuppx+ c]Co,oo[. Lei i := Opnx(a)X- (&)) 
and A+ := Op"(x+(a)) for A > 0. For all n e R, e > and with A = A or A = A+, 

1¥±,(A) :^ {{x)g)-{x)-'^-^g'^AW^{\) (6.45) 

is a continuous B{L'^''^"{S'^'^^), L'^{M.'^)) -valued function in X ^ [Q,oo[. 

Proof. With reference (|4.2p (this class of symbols is used extensively in [FS| ) 

B{X) i{x)g)-^x)-^-^giAg-i{x)^+H{x)gr e *u„if ((a;)"* , 5;.,a). 

Whence, by the calculus, B{X) G S(L^(M'')) with a bound locally independent of 
A > 0, and in fact B{-) is norm continuous. By using this continuity and Theorem 
16. 6[ we conclude that it suffices to consider the case n < 0. 

Re A = A. Since the construction of M^"'"(A) is independent of the (small) param- 
eters a and a' in (j5.2p . we can take them smaller (if needed) to assure that 

supsuppx- < 1 — 3Ca' . (6.46) 

Here we refer to the left hand side of (|6.37p . 

Now, to show that W+,:{X) is an element of ^(L^ -"(S"^-i), L'^(R'^)), we consider 
for A > the two terms of (|6.8p separately (if A = we use instead (j6.14p ): The 
contribution from the first term (i.e. from J+(A)) has better mapping properties 
than specified, cf. Lemma 16.81 (pU)) . In fact, using (|6.46p we can mimic the proof 
of Lemma 16.81 (jml to handle this contribution. As for the contribution from the 
second term (i.e. from iR{X — iO)T+(A)), we combine Lemma [6.81 (p l| and (jlv| and 
Proposition [O] (pS)) . 

By the same arguments, continuity in A > is valid for the contribution from 
each of the mentioned two terms, hence for W+g(A). 
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Re A = A^. Again we consider for A > the two terms of (|6.8p separately (if A = 
we use instead (|6.14p ). The contribution from the first term J^(A) has again better 
mapping properties than needed. More precisely, we have the following analogue 
of Lemma 16.81 (fnH) : 

For all TO e K the family of operators (x)"M+J+(A) constitutes a continuous 
S(L2.-"(5'i-i),L2(R''))-valued function of A G [0,oo[. 

To show this, we can again follow the proof of Lemma (6.81 jml. It suffices to 
show locally uniform boundedness in the indicated topology and we may replace 
A+ Op''(x+(a)). The kernel of Op'(x+(a))^^(A) is given by the integral 

d^e-«y e'(*(^'")-^-«)fc^a(y,0d2/, 

k^My^O = {2T:y'\+{e/9{\y\Afya+{y.u^.x). 

It suffices to show that 

\dldt j e'('^(2^'")-?^-«)fc^,A(2/,Ody| < Cp^si^y^^^ uniformly in and A. (6.47) 
For that we notice that 

k = k^^x e '5'unif(.g^"\5M,A)- 

It suffices to show (I07)) with k k ^ F{\y\> 2R)k^,x{y,0- 
Next we integrate by parts, writing first 

and then we invoking the uniform bounds 

> |e - V.y(/.(2/, w)| > c(|^| + \VycPiy,Lo)\), (6.48) 

which are valid on the support of k (provided R is chosen sufficiently large) . Clearly, 
we obtain (|6.47p by this procedure if i (i.e. the number of integrations by parts) is 
chosen sufficiently large. 

As for the contribution from the second term ii?(A — lO)r^(A), we combine 
Lemma 16.81 (jul) and (pv)) and Proposition 14.11 ([u]) . □ 

We can extend the identities (|6.10p and (|6.15p (which below corresponds to s = 0) 
as follows: 

Corollary 6.12. Let x,X~ e C'r W be given as in Theorem [Uj7[ Fix A > 0. Let 

again A :— Op^(x(a)x-(fo)). For all 6 > ^ and s < 0, there exists the strong limit 

s- lim gisY{X)Agi = gh^{X)Agi ^ g^W'^iX)W'^{X)*Agi (6.49) 
in BiL^^^+^iW^), 

Proof. It follows from Proposition 14.91 that indeed there exists the limit 
B:=s- lim gisY{X)Ag^ in BiL^^'+^M."^), L^^'-^R'^)). 

Let n = s/si, where si is given as in (|4.6p . Due to Theorem 16. Ill 

W^iXyAgi = (g^AW^iX))* G BiL^-'+\R^), L^'^'iS'^-')), 
and, due to Theorem. 16.61 

g^W^iX) e BiL^'''iS'^-^),L'^^'-^iR'^)). 
We have shown that 

giw^{X)W^iXyAg^ G BiL^'^+^R'^), L'^^'-\R'^)). 

45 



Since 

Bv = g^W^i\)W^{\yAgh for v e L^'°° , 
cf. ()6.10p and (|6.15p . we are done by a density argument. □ 

6.4. Asymptotics of short-range wave matrices. Clearly, if /i > 1, there exists 

lim e'*"e-''"°f, (6.50) 

t — ^±oo 

which is the usual definition of wave operators in the short-range case. In the case 
fi e]l,2[, we can compare our wave matrices with the wave matrices defined by 
(I63nil . 

Recall p := p/\p\- 

Theorem 6.13. For ji g]1,2[, the operators 

/>oo 

i>tAp) 1 / {\p\~F+{lp,p,p^/2) -p) d/, 
C(P):=-1 / [\p\+F+{~lp,-p,p'/1)-p)Al 
are well- defined. // V2 = 0, then (p) — i/'^dpl) with 



= ±1 / {\p\ - v/p2-2Fi(r))) dr. 
JRo 

We have 

W+ = W+e'^'l'^'^P\ (6.51a) 

t^- = T/F-e'^-(P^ (6.51b) 
Whence in particular, for all A > 0, 

W+{\) = T^+(A)e'^i(^-), (6.52a) 

W-(A) = VK"(A)e"^-(^-). (6.52b) 

Proof. One can readily show the theorem from well-known properties of the free 
evolution and the fact that 

0+(x,w,A)+/ {V2X-F+{luj,uj,X)-uj)dl^V2Xuj-x + o{\x\°), (6.53) 
JRo 

which in turn follows from |DS1[ (4.50)] and a change a contour of integration. The 
asymptotics is locally uniform in (w, A) e S'^'^^xjO, oo[. □ 

Remark 6.14. ip^. is indeed oscillatory. Notice that for Vi{r) ~ — 7r^^, as A — > 0+, 
we have 



^i(%/2A) = r (\/2A- v/2(A-F7r-^)) 



dr 



Ro 

1 1 



(2A)^~- / ^ (1 - VT+2^^)ds 



= (2A)^"M / (1 - Vl + 27s-A')ds + O (A") , 



cf. [YaH (7.11)]. See Remark l6.16l for a similar result. 
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6.5. Asymptotics of Dollard-type wave matrices. For H > \ and /i + £2 > 1, 

the Dollard-type wave operators arc given by 

lim e'*«C/doi(t)/, 

t — ►±oo 

where 

We have the following analogue of Theorem 16.131 
Theorem 6.15. For ^ < < 2, £2 < 1 and /i + £2 > 1, the operators 

V'L(P) ^^r{\p\^ F+ilp,p,py2) ■p-\p\-W^il))dl, 
JRq 

poo 

V-doiW^-i / {\p\+F+{-lp,-p,py2)-p~\p\-Wi{l))dl 
JRo 

are well-defined. //V2 = 0, then V'doi(^^) ^ V'doid^'l) """^ 



- ±1 / (bl - Vp'~2V^{r)~ brVi(r)) dr. 

We have 

W+j = Ty+e<=i(p), (6.54a) 

W^-^j = W/-e"^d°>(f). (6.54b) 
PF7ie77.ce in particular, for all X > 

W+JX) = VK+(A)e<oi(^-)^ (6.55a) 

^doi(^) = VK"(A)e"^d°i(^-). (6.55b) 
Proof. First we notice that V'doi well-defined due to the fact that 

iF+-F+JilLu,u,X)^Oil-') 

for any S < min(/x + e2,2fi), and hence integrable. Here FJ^^^ refers to the F^ for 
the case V2 = 0, whence Fjp^{liu , cu , X) = g{l,X)ui. For this estimate, we refer to 
[DS1[ Remarks 6.2 2)] and the proof of [DS1[ Lemma 6.4]. It appears stronger at 
the price of not being uniform in (small) A. There is an extension of this estimate 
that allows us to integrate along the line segment joining x and Ruj and taking the 
limit: 

(F^ - ^.ph)(^. X)-dx= hm / (F+ - F+ )(x, lu, A) • dx 

= o(|a;|"). (6.56) 

Introduce the auxiliary phases 

</.±i(x,c^,A) = V2Aa;-a;T(2A)-5 ( Vi{l) dl, 



'Ro 

p±OOUJ 

(t)tuAx, ^, A) = (t)tu^ = - / (i^+h - "^^-^foi) ■ dS, 

J X 

and corresponding modifiers 

(J±/)(a;) = (27r)-'^/2 / e'^^^'^xC^:, iO/COd^; ^ - V2A^- 



Here we can take the function x of the form xi^^^) — Xi{\x\ / R)x2{x ■ w) with xi 
and X2 given as in (|5.ip and (|5.2p . respectively. 
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By the stationary phase method, [Hoi', Theorem 7.7.6], one derives the foUowing 
asymptotics in L'^{R'^) for any state / with / e C^{R'^ \ {0}): 

f/doi(t)/ X JL^''""/ - Ja^uxe'*^"/ as t -> ±00. 
Next we notice the following analogue of (|6.53p , cf . (|6.56p : 

poo 

0±(x,u;,A)+ / (V0+i-F+)(±Zw,±c^,A)-c^d? 

jRo 

= 0iix(a;,w, A) +o(|a;|°). 
Again this asymptotics is locally uniform in {ui, A) e S'^'^-'^xjO, oo[. □ 

Remark 6.16. The first factor on the right hand side of (|7.1ip is oscillatory. Let 
us state the following asymptotics for the special case where Vi(r) ~ — 7r^^ for 
r>Ro: 

7/'+i(\/2A) = / (\/2A- v/2(AT7^+(2A)-^r-^) dr 



= (2A)^"" / ^ (1 - + 275-^ + 7s"^)ds. 
For A \ 0, this behaves as 

(2A)5-fc^ + o(a-^) , i<M<l; 



-7(2A)-5ln2A + (2A)-2Ci + 0(l), ^=1; 
{2X)-i^ + 0(x^-7:), 1<M<2. 



Here 



/ (1 - + 275-^ + 7s"^)ds, 
Jo 

Ci := ^ (1 - v^l + 27S-1 + 7s"^)ds + ^ (1 - v^l + 27s-i)ds - 7lni?o. 

7. Scattering matrices 

In this section we study (modified) scattering matrices. We prove that they 
have a limit at zero energy. This implies low energy oscillatory asymptotics for the 
standard short-range and DoUard scattering matrices. 

7.1. Scattering matrices at positive energies. The scattering operator com- 
mutes with Hq, which is diagonalized by the direct integral decomposition (|6.4p . 
Because of that, the general theory of decomposable operators says that there exists 
a measurable family ]0, cxd[9 A 1-^ S{X), with S{X) unitary operators on L^{S'^~^) 
defined for almost all A, such that 

S~ ®5'(A)dA, (7.1) 
Jo 

using the decomposition (|6.4|) . 

The following theorem is (essentially) well-known: 



Theorem 7.1. Assume Condition ] Then 

S{X) = -2TTj+{XyT-{X) + 2TnT+{XyR{X + iQ)T-{X) (7.2a) 
= -27rP^+(A)*r-(A) (7.2b) 
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defines a unitary operator on L'^{S'^ ^) depending strongly continuously on \> {). 
Moreover, {7.1\j is true. Furthermore, for all n € M. and e > 0, 

5(A) e 6(i2."(5'i-l),L2,«-e(^d-l^)^ 

depending norm continuously on X > 0. (Hence in particular S{X) maps C'^{S'^^^) 
into itself.) 

For a derivation of the formula (|7.2ap we refer the reader to Appendix |^ For 
the remaining part of the theorem we refer the reader to the proof of Theorem 17.21 
stated below (one can use Theorem 16.31 and Lemma EUl as substitutes for Theorem 
16.61 and Lemma 16.81 respectively) . 

7.2. Scattering matrices at low energies. Until the end of this section we 
assume that Conditions 12 . 1142731 are true. The main new result of this section is the 
following theorem: 

Theorem 7.2. The result of Theorem \7. 1\ is true for all X G [0, oo[. Specifically, if 
we define 

S{0) = -27rJ+(0)*r"(0) + 27rir+(0)*i?(+iO)r-(0) (7.3a) 
= -27rVK+(0)*r-(0), (7.3b) 

then S{Q) is unitary, s— liniAx^o 'S'(A) = 'S'(O) in the sense of B{L^{S'^^^)) and 
limAxoS'(A) = 5(0) m the sense of B{L^-''{S'^~'^), L^-"''<'{S'^-^)) for any n e R 
and e > 0. 

Proof. First we notice that the expression 

5(A) = -27rP^+(A)*T-(A) e S(i2^"(5'^-i), L2^"^^(5'^-1)) forn > 

has a norm continuous dependence of A > 0. Indeed, fix n > and e G]0,n], and 
pick ei, 62 S R such that < ei < e and €2 = ^(e — ei). We write 

W+{XyT-{X) (7.4) 

^ {w+{Xrg^x)-i-^^{{x)g)-^^+^) (g-^ix)'^^) [{{x)g)- {x)^-^^ g'^T- {X)) . 

We shall use the analogues of Lemma 16.81 (pT| and ([iv|) with T+(A) replaced by 
r^(A) (proved in the same way). The third factor on the right of (|7.4p is continuous 
in A with values in S(-L^'"(5'^~^), L^(R'^)). The second factor is continuous in A 
as an operator on L^(IR'*). The first factor is continuous in A as an operator in 
B{L'^{R''), L'^-'""'{S'^-^)) due to TheoremllH This proves the norm continuity of 
5(A) in S(L2^"(5''-1),L2."-^(5'*-1)) for n > 0. 

Let us prove the same property for n < using a slight extension of the above 
scheme: Notice that the positive sign condition above entered only in the condition 
n — e > needed for applying Theorem 16.61 Since n < we have n — e < 
and therefore we need a substitute for Theorem 16.61 This is provided by Theorem 
16.111 and an analogue of Lemma f6.8l for r^(A). In fact, choose for (small) ct > 
real- valued X- € C;?°(M) and x+ G C°°(R) such that suppx- c] - 1,1[, X- = 1 
in [a — 1,1 — ct], suppx+ C]Co,oo[ and x+ = 1 in [2Co,oo[. Let x = 1 ^ X+: 
A = Op-(x(a)x-(fo)), A+ = Opnx+(a)) and A = Op^{x{a){l - X- (&))). We insert 
the identity I = A + A+ + A 

w+{xyT-{x) = {{A + A+)w+ix)yT~{x) + w+ixy{AT-{x)). (7.5) 

Due to Theorem 16.111 the above argument can be repeated for the first term on 
the right hand side, and if tr > is chosen sufficiently small we have the following 
analogue of Lemma l6.8l ([ ml) and (pv]) (here stated in combination): For all m G M the 
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family of operators (a;)™Ar-(A) constitutes a continuous ^(L^ ""(5"^-^), L2(R'^))- 
valued function of A € [0,cxd[. By choosing m > ^ + j and using Theorem 16.61 we 
conclude norm continuity of the second term of (j7.5|) . 

But from the isometricity of S we see that >5'(A) is isometric for almost all A as a 
map on L'^{S'^~^). Therefore, it is isometric and strongly continuous as a map on 
^2(5^-1) for all A > 0. 

By repeating this argument for S* (not to be elaborated on) we obtain that S{X)* 
is isometric and strongly continuous in A > as a map on L^[S'^~^). Whence ^(A) 
is unitary as a map on L'^{S'^~^). □ 

Remark. There is an alternative and completely stationary approach to proving 
the unitarity of the scattering matrices. In fact taking (j7.2bp and (j7.3bp as defi- 
nitions the unitarity is a consequence of the formula (|8.1ip . which in turn can be 
verified directly along the lines of Section [51 

7.3. Asymptotics of short-range scattering matrices. In the case ji e]l,2[ 
we can compare 5'(A) with the S'-matrix S'sr(A) defined similarly 



/•oo 

S-,, = W+*W- ~ / ®S,,{X) dA. 
Jo 



Under the condition of radial symmetry Yafaev considered in |Yalj the compo- 
nent of S'sr(A) for each sector of fixed angular momentum. He computed an explicit 
oscillatory behaviour as A ^ 0. The following result is a consequence of Theorem 
16.131 In combination with Theorem \7.2\ it yields oscillatory behaviour in a more 
general situation than considered in [Yal] . 

Theorem 7.3. For /i g]1,2[, the operators Sgr and S are related by 

^e-'^-^P^S-e^^-^f). (7.6) 

In particular, for all A > 0, 

5sr(A) = c-"^i(^-)S'(A)e"''"(^-\ (7.7) 

and if V2 =0 then 

7.4. Asymptotics of Dollard-type scattering matrices. For /i > ^ and fj, + 

£2 > 1, the Dollard-type S-matrix is diagonalized as before: 



^doi = W^dol^doi - / ®^doi(A)dA. 
Jo 

We have the following analogue of Theorem 17.31 cf . Theorem 16.151 

Theorem 7.4. For i < /i < 2, £2 < 1 o,nd /i + £2 > Ij the operators Sdoi o,nd S 
are related by 

S-doi = e-^oiWs-e'V-doiW. (7.9) 
In particular, for all A > 0, 

5doi(A) = e-'^Joi(^-)5(A)e">doi(^-)^ (7.IO) 

and if V2 — Q then 
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Example 7.5. For the purely Coulombic case V = — 7r ^ in dimension > 3 one 
can compute 

S'(O) = e'^P, ceR, (7.12) 
where {Pt)(lu) = t^—uj). This formula can be verified using (|7.1ip and Remark 
16.161 the explicit formula |Ya3| (4.3)] for the Coulombic (DoUard) scattering matrix 
(slightly different from our definition) , asymptotics of the Gamma function (see for 
example the reference [3] of |Ya3| ) and, for example, the stationary phase formula 
[Hol[ Theorem 7.7.6] (alternatively one can use the formula |Ya3[ (3.4)]). 

It follows from (|7.12p that the singularities of the kernel S{0){uj,u!') in this par- 
ticular case are located at {{uj,uj') G S'^~^ x S'^~^\uj = —oj'}. We devote SectionlH] 
to an extension of this result. In Section [10] we provide a different proof of (|7.12p 
(up to a compact term); this approach yields c — 'iy/2^Ro — tt^^. 

We also note that for the purely Coulombic case there is in fact a complete 
asymptotic expansion S{X) x X)jlo ^j^''^^- Here (of course) So is given by l|7.12p . 
and one can readily check that 5*1 ^ 0. In particular we see that S{X) is not 
smooth at A = 0, cf. Remark |4.2| [51). We refer to [BGS] (and references cited 
therein) for explicit expansions of the generalized purely Coulombic eigenf unctions 
at zero energy (for d = 3) ; those are also in ^/X. 

8. Generalized eigenfunctions 

Throughout this section we impose Conditions 12. llfT^ For any A > 0, we define 

V-°°(A) ^{ue L^'-°^\{H - X)u = 0} C S'{W^). 

Elements of V^°°{X) will be called generalized eigenfunctions of H at energy A. In 
this section we study all generalized eigenfunctions of H . 

Remark. Note that by Proposition 14.31 for any u e V^°°{X) and s G R, 

W/,(w)C{fo2+c2 = l}. (8.1) 

8.1. Representations of generalized eigenfunctions. In this subsection we 
show that all generalized eigenfunctions can be represented by their incoming or 
outgoing data. 

Theorem 8.1. For any A > the map 

W^{X) : V'{S'^-^) V-°°{X){Q L^'-°°) 
is continuous and bijective. 

Proof. Step I. Clearly VF±(A) : X>'(S"*-i) ^ V-°°{X) is well-defined and continu- 
ous, cf. Theorem 16.61 

Step II. We show that Vr=^(A) is onto. Let u e V^°°{X) be given. Let 

=X-{a)x±{b) + \x+{a), (8.2) 

where x+ = 1 — X- is a real- valued function as in Proposition 14.11 ^ such that 
X+(i) = 1 for t > 2Co, and x-,x+ € C°°(R) are real- valued functions obeying 
X_+X+ = l and 

suppx- C]-(»,l/2[, (8.3) 
suppx+C]-l/2,(X3[. (8.4) 

Now 

limi?(A±ie)(ff- A)OpXx'^)u 
= OpXx'^)u±limiei?(A±ie)Op'(x=^)M. (8.5) 
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Note that Mui^iq R{X zt ie)Op'(x*)M exists, due to Propositions 14.31 14.71 and 14.91 
Therefore the second term on the right of ()8.5p is zero. Therefore, we have 

= Op\x^)u - R{X±iO){H - A)Op'-(x±)u. (8.6) 

Adding the two equations of (18. 6p yields 

u = 2TriS^{X){H - X)Op\x^)u, 

which in turn in conjunction with Proposition 1^31 (|6.10p . (|6.15p and CoroUarv l6.12l 

yields 

u = W^iX)T, T = ±2niW^{X)*[H,0p'{x^)]u G I?'(S"^-i). (8.7) 

Step III. Wc show that W^{X) is injective. For convenience we shall only treat 
the case of superscript +. By (|8.7p we need to show that for all r € I?'(5'^~^) 

r = 2TnW+{Xy [H - A)Op''(x^)VK+(A)r. (8.8) 

By continuity it suffices to verify ()8.8p for t e C°°(5'^^^). This can be done as 
follows. Pick non-negative / £ Cj?°(M) with /(s)ds — 1, and let Fi^{t) = 

1 - fj^ f{s)ds; R>l.We write the right hand side of ([H^ as 

w- lim 2TnW+{XyFR{{x)){H - X)Op\x'^)W+{X)t (8.9) 

R — >oo 

and pull the factor {H — X) to the left. Thus (|8.9p equals 

w- lim 2TTR-^W+{Xyf{{x)/R)gOp\bx^)W+{X)T. 

If A > 0, we insert (|6.8p for W^{X) (if A = 0, we use instead (|6.14p V By Proposition 
14.11 ini and and Lemma [^751 and fivl, we can replace each factor of W^"'"(A) 
by a factor of J+(A), cf. the proof of Theorem 16. Ill Moreover, we can replace the 
factor Op''(6x^) by the operator g~'^x - p. Therefore, (|8.9p becomes 

w- lim 2TrR-^J+{Xyf{{x)/R)x-pJ+{X)T. (8.10) 

R — *oo 

By Theorem O equals r. The identity ([H^ follows. □ 



Remarks. 1) A somewhat similar representation formula has been derived for 
representing positive solutions to a PDE, see for example |Muj . This involves 
the so-called Martin boundary. In our case, the notion analogous to the 
"Martin boundary" would be S"^^^. 
2) For V3 — 0, we have 

V-°^iX) = {ue S'{R'^) I {H - X)u = 0}, 

and hence the set V^°°(A) is closed in 5'(R'^) (with respect to the weak-* 
topology of iS'(R'^)). Moreover, in this case W^{X) maps 'D'{S'^^^) bicontin- 
uously onto V-°°(A)). 

In fact, suppose u e 5'(M'') obeys {H — X)u = 0. Then for some m G N 
we have {p)^^"'u e L^-°°. But (iJ - A + i)-"'(p)2™ is bounded on any L"^'". 
Whence, showing that indeed u G V~°°(A), 

r™ii ={H -X + i)-"'u ={H -X + i)-"(p)2'"((p)-2'"w) G L^--°°. 
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8.2. Scattering matrices — an alternative construction. The construction of 
scattering matrices given in Subsections 17.11 and 17.21 involved a detailed knowledge 
of appropriate operators, see the proof of Theorem 17.21 However, given the theory 
of wave matrices developed in Subsection 18.11 and the basic formulas ()6.10|) and 
(I6.15P for the spectral resolution, we could have constructed the scattering matrix 
more easily. 

Recah from Theorem lO that W^±(A) : 2?'(5''~^) L'^-°° is injective. Hence, 
W^{X)* : L^^°° C°°(S"'-i) has a dense range. 

For r e L2(5"i-i) of the form r = W~{\yv with v e L^.oo^ ^^^^^ g^^^^^ _ 
W+{\)*v. By ([grU]) and ((05)) . we know that 

\\W+{\yv\\^ = ||W^-(A)*t;||2 = {v,5^{\)v). 

Hence S{X) is indeed well-defined and isometric. But W^*(A)*L^'°° is dense in 
C°°{S'^~'^), and therefore also in L'^{S'^~'^). Whence S'(A) extends to an isometric 
operator on L'^{S'^~^). Reversing the role of + and — , we obtain that S{X) is 
actually unitary. By construction, it satisfies 

5(A)W^-(A)* = W^+(A)*, A > 0. (8.11) 

8.3. Geometric scattering matrices. The following type of result was proved for 
a class of constant coefficient Hamiltonians (with no potential) in [AH] , and gener- 
alized to Schrodinger operators with long-range potentials (for a class including the 
one given by Condition ll.ip at positive energies by [GY| . It gives a characterization 
of the space W^{X)L'^{S'^^^), which in turn yields yet another characterization of 
the scattering matrix 5(A). 

Let So — So (A) be given as in (j4.6p . and introduce in terms of a dual Besov space 

v-"°(A) := s;^ n v-°°(A) 

endowed with the topology of B*^ . The statement (pv|) below is given in terms of 
the phase function = ct){x, A) of (|5.2ip . 

Theorem 8.2. (i) For all r e L'^{S'^-^), 

W,;^«(W^±(A)r) C {6 = -1} U{b= 1}. 

(ii) The operator W^{X) maps L^{S'^~^) bijectively and bicontinuously onto V^^°(A). 

(iii) The operator W^*(A)* (defined a priori on B** D Bg^) maps Bgg onto L'^{S'^^^). 

(iv) For all re L^{S'^-'^), 

W'jXM.) - e-'^e-^(-^^).(-.) + e-^^(-^^)(5(A).)(.) ^ ^.^^^^ ^^^^^^ 

{27T)2g2[r,X)r 2 

W-iXM.) - e-^e-^(-^».(.)+e--¥e-^^^^)(5(A)V)(-.) ^ ^.^^^^ ^^^^3^ 

(27r)2 g2(r, A)r 2 

2 - lim R-^ I |V^g^(r,A)W^±(A)rpda;. (8.14) 



FllL2(S''-i 



_R — >oo 



Jr<R 

Proof. Re @. Again we concentrate on the case of superscript +. Let t G 
2^2^^d-i-j given. We shall use the partition (|6.1ip . as in the proof of Theo- 
rems EUl and [Uni so let (T > be given as before, cf. ()6.12p and (|6.13p . As for the 
partition functions (|8.2p . we modify ()8.3p and (|8.4p by replacing here x± X±, right 

supp right C] - 00, 1 - ct/4[, (8.15) 
supp x+aigiit C]l - ct/2,oo[. (8.16) 
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Then it follows from Propositions 14.11 and 14.31 and Lemmas 16.81 and 16.91 that 

Op\x^,^jW+{X) e B{L\S''-'),B*J. (8.17) 

(The fact that this bound holds for W+{X) J^{\) is indeed a consequence of 
Lemma 16.91 due to interpolation, cf. [Ho21 Theorem 14.1.4], but it can also be 
proved concretely along the lines of the proofs of Lemma [6.91 and Theorem 16. Ill ) 

Since {W+{X)T,i[H,FiiOp'{xtight)W^W'r) = 0- conclude from (l430)l and 
((glTl) that 

snpRe{W+iX)T,0p^{FnX~{<^)XrisMib)9r-')W+{X)T) < CWrf. (8.18) 
fi>i 

Here we used the calculus of pseudodifferential operators, cf. |H511 Theorem 18.6.8]. 
In combination with Propositions 14.31 and 14.51 we conclude that 

{-l<b< Ijn WF^-''"{W+{X)t) ^ 0. (8.19) 

Re dn]) (Boundedness). 

To proceed from here we change (|8.15p and (|8.16p as follows: 

suppx-.icft C] -oo,-l + a/2[, (8.20) 
suppx+.ioft C] - 1 + ^/4,oo[. (8.21) 
With these cutoffs we can show analogously that 

Op^(XMt)W^"(A) e B(L'{S''-'),B*J. (8.22) 
Using (|8.1ip . this leads to 

Op'{x^,,,)W+{X) e B{L'(S''-'),B*J. (8.23) 
Finally, writing (with Xmiddic := 1 - Xright - Xmi) 

W+iX) = Op\xtis^tW+W + Op\xr^,,)W+iX) + OpXx,niddie)W^+(A), 
we conclude from (ji^i]) . KT7\i . (fgl^ and (jg?^ that indeed 

W+{X)eBiL'iS'-'),B*J. (8.24) 

Whence W^+(A) maps L'^iS'^^^) continuously into V^^^iX). 
Re du]) (Bijectiveness). We shaU show that W+{X) maps L^{S'^~^) onto V''*"(A). 
Using the expression ()8.7p for the inverse r S 'D'{S'^^^), mimicking the first part of 
Step III in the proof of Theorem lS.ll and using the Riesz' representation theorem (see 
for example |Yo] ) in conjunction with (|8.24p . we obtain that indeed t G L'^{S'^~^). 
This argument also shows that 

W+{X)-'^ e S(V~""(A),l2(S"^-1)). (8.25) 

Re (pTi|). The result follows from by the Banach's closed range theorem, see 

IS!. 

Re dlv]). Let 

u±,r{x) = (27r)-5e=F'^^c,-5(r,A)r"^e±"^(^^^)T(±x). 

Clearly w±.r G B*^ with a continuous dependence on r. We claim (with reference 
to ([821)) that 

OpV)W^*(A)r - u±,r e i?;^o- (8-26) 
Notice that also the first term is in B*^ with a continuous dependence on r, cf. 
([5T7|) and (EUl), hence it suffices to show ([g?^ for t e C°°(S"*"i), in which case 
the asymptotics follows from Theorem 15 .71 cf. Step III of the proof of Thcorcm l8.ll 
Now, combining (|8.26p and the identity (|8.1ip . we obtain 

Op^(x+)W^"(A)T - u+^swr, Op%x-)W+{X)T - u_^sixrr e i?:„,o- (8.27) 
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By (Ig:^ and ((HTfl) . 

showing (jgl^ and ((51^ . 

As for ()8.14p we use ()8.12p and ()8.13p : notice that the cross terms do not con- 
tribute to the hmit which can be seen by an integration by parts with respect to 
the variable r = \x\, invoking Proposition 13.31 □ 



On the basis of Theorem 18.21 we can characterize the scattering matrix S{X) 
geometrically as follows: 

Corollary 8.3. For all G L'^{S'^~^), there exist a uniquely determined u S 
V-"«(A) and T+ e L2(S"'-1) such that 

" W lEI — e ^^o.o- (8.28) 

(27r)2g(2(r, A)r 2 

We have t+ = S{X)t- , u = W~{X)t- = W+{X)t+. 

Proof. The existence part (with t+ = S{X)t^) follows from (|8.12p . 

To show the uniqueness, suppose that Ui,T^ , i = 1,2, satisfy the requirements of 
(|8.28p with the same r_. Then for the difference, u = ui — U2, we have {H — X)u = 
and WF (B* 0, u) C {b = 1}. Hence by Proposition [13U1 u = 0. □ 



Corollary 8.4. Let d > 2 and A > 0. Suppose (in addition to Conditions \2.1\ 
and \2. 3\) that V2 and V3 are spherically symmetric and that r\V3{r)\dr < 00. 
( Condition \2.'A is not needed since V2 can be absorbed into Vi). Then there exists 
a real-valued continuous function ai{-) such that for all spherical harmonics Y of 
order I we have S{X)Y = q^'^'^iWy. 

Let ui (r) denote the regular solution of the reduced Schrodinger equation on the 
half-line ]0, oo[ 

-u" + Viu^Q, Vi{r) - 2{V{r) - X) + ' J I > 0; 

where "regular" refers to the asymptotics u{r) x r 2 as r ^ Q. Then ai{ ) is 
uniquely determined mod 27r by the asymptotics 

ui{r) ^ sin ( /^^^ V2(A - V{r')) dr' + V2XR^ - ^^tt + ai{X)) 

d-l ^ 1 ±± ^ ^so.O^ 

r 2 (A-V"(r))4r 2 

where C — C{l,X) is a (uniquely determined) positive constant. 

Proof. Let y be a spherical harmonic of order I. Note that its parity is (—1)', i.e. 

d-i 

Y{-uj) = (-l)'y(tj). Besides, u := r^ 2 ui{r)Y{x) solves {H - X)u ^ 0. We 
apply Corollary [0 with this u and with = Y, so that r+ = e'2<^!(^)y. Then 

_ ^gi7r^ji-i0(a:,A)+i7ri _|_ g-iir^ji+i0(a:, A)+i2(Ti (A) ^ Y {x) 

= 2e'"^+'"'(^) sin {(j>{x, A) - ^^^^tt + a,(A)) Y{x). 

We finish the proof using ([5?^ . □ 
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9. Homogeneous potentials - location of singularities of 5'(0) 



In this section we impose Conditions I2.1H2.3I with d > 2 and the condition 
Vi{r) = --fr-f for r > 1 and hence Vir) = --fr-^' + 0{r-f'-^''), cf. (fL23| . 
Throughout the section g ~ g{\ = 0) = ^/~2Vi. 

Our goal is to prove a statement about the locahzation of the singularities of 
the (Schwartz) kernel S{Q){lu,lu'). The purely Coulombic case for which fi — l and 
d > 3 was treated explicitly in Example 1 7. 5 1 Under an additional condition we can 
write down a fairly explicit integral that carries the singularities. 

In Section[TO]we shall study the nature of these singularities (under the condition 
of spherical symmetry) using one-dimensional WKB-analysis. 

9.1. Reduced classical equations. Consider the classical system given by the 
Hamiltonian hi{x,£,) — — 7|x|~'' for a; ^ 0. The equations of motion for 
hi{x,£,) are invariant with respect to the transformation 

{x,0^{Xx,\-^/^0, AeM+, (9.1) 

upon rescaling of time t tX^^^^"^ . 
Let 

T* := (M'^\{0}) X W^l 

where (a;i,^i) ^ (^2,^2) iff there exists A > such that (a;i,^i) 1-^ (Aa;2, A~^^^^2)- 
Note that T* can be conveniently identified with T*{S'^~'^) x R. We shall introduce 
coordinates of T* by setting 6 = i • | e R and c = (/ - |i)(i|)| G T^{S'^''^) with 
X £ S''*^^. (At this point we are slightly abusing the notation of Subsection 14. 2[ 
however as noticed there the b and c given by ()4.7p agree with the above definition 
for r > 1.) The equations of motion for the hamiltonian hi can be reduced to T*. 
Introducing the "new time" t hy ^ — g/r we have the following system of reduced 
equations of motion: 

^c=-(l-f)&c-c2i, (9.2) 
^fe=(l-f)c-2 + f(52 + c-2-l). 

(Notice that the last equation follows from (|4.29p ). The maximal solution of (|9.2p 
that passes z = [x, 6, c) G T* at r = is denoted by 7(r, z). 

Beside ()9.2p . we shall consider a related dynamics given by the equations 

%-c=^{l^l^)h-c-c^x, (9.3) 

The (maximal) solution of the system (|9.3p that passes z — (i, 6, c) G T* at 
T = will be denoted by 7o(t, z). Clearly the equation c — Q defines the fixed 
points, and the system is complete. 

Notice that the surface /i]~^(0) in the coordinates (x,6,c) corresponds to the 
condition &^ + = 1. This surface is preserved both by the flow 7 and 70, and on 
this surface both flows coincide. 

Note that the flow 70 is exactly solvable. The variable h is always increasing 
and A; = 6^ + is a conserved quantity; of course the relevant value is A: = 1. For 
non-flxed points we can compute its dependence on the modified time 

6(t) = \/Atanh\/fc(l- f)(T-To). (9.4) 

Values k ^ 1 correspond in this picture to replacing the coupling constant 7 — > 
k"f. More precisely, if fc = 6^ + for a solution to (|9.3p . we can define r(r) = 
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roexp(JJ' hdr'), introduce t — g(f)'^^' check that indeed 

ix{t) = ri, 

defines a zero energy sohition to Hamilton's equations with V kV. The equation 
b = corresponds to a turning point (at which \x{t)\ has the smahest value). 

Clearly, it follows from (|9.4p that limT-^oo & = Vk, ii^T~>-oob — —\fk. Upon 
writing x(t) ■ xipo) — cos9(t) for some monotone continuous function 9{-), we 
obtain from (fTTT]) that 

\9{^) - e{-^)\ = ^TT. (9.6) 

9.2. Propagation of singularities. We will use the scattering wave front set at 
zero energy, introduced in Subsection 14.21 The following proposition is somewhat 
similar to Hormander's theorem about propagation of singularities adapted to scat- 
tering at the zero energy. It is a "local" version of Proposition which takes into 
account the fact that in the case of a homogeneous potential we can use the dy- 
namics in the reduced phase space. Again the proof is a modification of that of 
(Ho3 , Proposition 3.5.1], see also [Me] and [HMV . 

Proposition 9.1. Suppose u,v & L^'^°° , Hu = s G M, z e T* and z ^ WF^^{u). 
Define 

T+ := sup{r > 0| 7o(f,z) ^ WF^^u) for all f G [0,t]}, 
T- := inf{r < 0| 7o(f , z) ^ VFF/^(m) for all f € [r, 0]}. 

// r+ < oo, then jo{t^,z) e W F^+'^''° (v) . If > -oo, then jo{t~ , z) e 
W^F/+2^o(w). 



Proof. The proof is similar to the one of Proposition 14.51 We shall only deal with 
the case of forward flow; the case of superscript " is similar (actually it follows 
from the case of by time reversal invariance). For convenience, we shall assume 
that £2 < 2 — /X. 

2 s- — 

Step I. We will first show the following weaker statement: Suppose u ^ L ' 2 , 
V e l2,s+2so and Hu = v. Then 

70 (r, z) ^ WFl^{u) for aU t > 0. (9.7) 
Suppose on the contrary that (|9.7p is false. Then we obtain from Proposition 



]that the flows of (j9.2p and (19. Sp . starting at z, coincide. Letting 7(r) = 7(t, z), 
it thus needs to be shown that 

r+ sup{T > 0|7(f ) ^ WFl^{u) for aU t e [0, r]} = oo. (9.8) 

Suppose on the contrary that r+ is finite. Then 7(t+) is not a fixed point. 
Consequently, we can pick a slightly smaller f+ < r+ and a transversal (2d — 2)- 
dimensional submanifold at 7(f+), say Al, such that with J =] — e -I- f+,T+ 4- e[, 
for some small e > 0, the map 

J X 7W 9 (r, m) ^ *(t, m) = 7(t - f+, m) e T* 

is a diffeomorphism onto its range. 

We pick X G C^{M) supported in a small neighbourhood of 7(t+) such that 
X(7(f+)) = 1 and 

*(]-£ + f +, f +] X suppx) n WF'^iu) = 0. (9.9) 

We pick a non-positive function / e C^{ J^ such that /' > on a neighbourhood 
of [f+,r+ + e) and /(t+) < 0. 
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Let /if (r) = exp(-ifT)/(T) for K > 0, and X^ = {1 + nr^^^ for n e]0, 1]. We 
consider the symbol 

= a, = ^^^-^^/^^(r > 2)(/k x) ° (9.10) 

First we fix K. A part of the Poisson bracket with b^. is 

{h2,g''X^^+'X-^^} = r-'Y,bX^^+'X-^\ (9.11) 

where = ^k('") is uniformly bounded in k. We fix K such that 2i4r > |Yk6| + 2 
on supp 6k- 
We compute 

{/ii,(/K®x)°*"'} = f([^/K] ®x)ovl/-i. (9.12) 
From (|9.1ip and (|9.12p . and by the choice of / and K, wc conclude that 

{h2,bl} < -2al + 0{r^''"^) at 7^ C T* (9.13) 

given by 

P-*({Te J|/'(r)>0}xsuppx). 
Introducing — Op^(aK) and ~ Op^(&k), we have 

{i[H,Bl])., = -2lm(v,Blu), (9.14) 

and we estimate the right hand side using the calculus of pseudodifFerential opera- 
tors, cf. [Hol[ Theorems 18.5.4, 18.6.3, 18.6.8], to obtain the imiform bound 

\{i[H, Bl])u\ < Ci\\v\\s+2so\\A^u\\ +C2< WA^uf + C3. (9.15) 

On the other hand, using (19. 9p and (|9.13|) . we infer that 

{i[H - 1/3, Bl])u < -2\\A^uf + Ci. (9.16) 

An application of (|4.12ap yields 

(*[F3,i3'])n<C5. (9.17) 

Combining ([97T51) - (|9Tf|l yields 

P«w||2<C6 = a3 + C4 + C5, 

which in turn gives a uniform bound 

ll^.-^^/'Op-(x^(.+)F(r > 2))u\\l < Cr. (9.18) 

Here x-y{T+) signifies a phase-space localization factor of the form entering in ()4.8p 
supported in a sufhciently small neighbourhood of the point 7(t+). 

We let K ^ in (|9.18p and infer that r+ ^ WF^^{u), which is a contradiction. 
We have proved ()9.8p and hence (|9.7p . 

Step II. To relax the assumptions on u and v used in Step I, we modify the above 
proof (using localization) in an iterative procedure very similar to Step II of the 
proof of Proposition 14.51 

Pick t < s such that u S L^'* and define Sm = min(s, t + 77162/2) for m £ N. Let 
correspondingly t+ be given as t+, upon replacing s — )■ Clearly, 

T+<T+_^;m^2,3,... (9.19) 

We shall show that 

T+<^^ 7o(t+, z) g WFi,-+^'«{v). (9.20) 

We are done by using (|9.20p for an m taken so large that s„i — s. 

Let us consider the start of induction given by m = 1, in which case obviously 
u S 2^2,s„-c2/2_ Suppose on the contrary that ()9.20p is false. Then we consider the 
following case: 

r+ < 00 and 7o(t+, z) i 1^^^,^+^^° (v). (9.21) 
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It follows from (|9.2ip and an ellipticity argument that 6^ + = 1 at 7o(t+,z) 
(using that 70 (r+,z) ^ WF^^'^'^{Hu)). Consequently we can henceforth use the 
flow of (|9.2p . 7(r) = j{t, •), exactly as in Step I. 

We let € > 0, J, f, fx, X and ^' be chosen as in Step I with r+ r+ and 
f+ f+. Let / € C~(]f+ - 2e,T+ + 2e[) with / = 1 on J. Similarly, let x e 
C^(A^) be supported in a small neighbourhood of 7(r+) such that x(7(7^m)) = 1 
in a neighbourhood of supp x- 

It follows from (|9.2ip . possibly by shrinking the supports of / and x, that 

I,v e = Op*(F(r > 2)(/k®x)o*-1). (9.22) 

Next, we introduce the symbol 6„ by (j9.10p (with s — s- s,„) and proceed as in Step 
I. As for the bounds (|9.15p . we can replace v by I^v up to addition of a term that 
is bounded uniformly in k. Clearly, we can verify (|9.16|) and (|9.17p . So again we 
obtain (|9.18p (with s s„i), and therefore a contradiction as in Step I. We have 
shown (p:^ for m = 1. 

Now suppose m > 2 and that (|9.20p is verified for m — 1. We need to show the 
statement for the given m. Due to (j9.19p and the induction hypothesis, we can 
assume that 

''m < ''"m-i- (9.23) 
Again we argue by contradiction assuming (|9.2ip . We proceed as above noticing 
that it follows from ()9.23p that in addition to (19.22p we have 

hue L^-'""^-^; (9.24) 

at this point we possibly need to shrink the supports of / and % even more (viz. 
taking e < (t^_i — t+)/2). By replacing v by I^v and u by I^u at various points 
in the procedure of Step I (using (|9.22p and (|9.24p . respectively) we obtain again a 
contradiction. Whence (|9.20p follows. □ 

Remark 9.2. Suppose u e L^'*S S L^'*^ and Hu = v. Suppose zq ^ WF^^{u) for 
some s > ti. Fix -r+ g]0, oo[ and suppose that 7o(t, zq) ^ WF^^^^"{v) for all r G 
[0, f+]. Write 7o(t+,zo) — (wi,ci,6i) = (0^1,771). Then there exist neighbourhoods 
A/Li 9 wi and Mrji 3 Vi such that for all & C^{Af^J and Xvi & C'^{Mn^) we 
have 0^{xziF[r > 2))u S L^.s^ jjere Xzi{x,S,) = X^i{x)Xm{^l g)- Notice that this 
conclusion is already contained in Proposition 19.11 however the above proof yields 
an additional bound: 

First, writing zq = (wq, rja), we can pick any similarly defined localization factor, 
say denoted by Xzq, with Xua = 1 and x-qa = 1 around the points ojq and ryo, 
respectively, and such that Op*(xzQF(r > 2))u e L^'*' (this is by assumption). 
Next we pick a small neighbourhood U of 7o([0, f +], zq) C T* and x G C^{U) 
with X = 1 around this orbit segment. If U is small enough we have (again by 
assumption) that Op"(x7o-F'(?' > 2))w G L«+2so^ X7o(2^'C) := x{i,£./9)- Now, there 
are neighbourhoods A/L;i 9 and A/",,! 9 ?7i depending only on Xzo and X70 such 
that for all x^i e {M^^ ) and x>,i e C^f (A/"^! ) we have 

||0p-(x.,F(r>2))j.||, 

< C{\\0^-{xzoF{r > 2))u\U + \\u\U, + \\Op-{x^„Fir > 2))v\U,,, + 
where the constant C only depends on the various localization factors. 

9.3. Location of singularities of the kernel of the scattering matrix. In 

this subsection we describe the location of the singularities of the scattering matrix 
at zero energy. 

Theorem 9.3. Suppose that Vi{r) — —77-^'^ forr > 1. Then the kernel S{0){lu,uj') 
is smooth outside the set {(w, a;')| lo ■ uj' = cos 23^""}- 
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To analyse S{0){uj,uj') we shall use the representation (|7.3ap . which we write 
(formally) as 

Smto, to') = -27T{j+{; to), V- (., u;')> + 27n{v+i;Lo),Ri+iO)v-{; u')), 

where 

= (2^)-''/2(e'**a±)(a;,c.,0), 

v^{x,Lo) = (2^)-'^/2(e"^^t±)(a;,cj,0). 

Let denote the solution of the eikonal equation for the potential Vi at zero 
energy, cf. p.9|) . It is given by 



"^ii^^^' = 1^/2 (^'""^' " ^^^^^ ' ^'^'''^) ' (^-^^^ 
where cos0 ~ x ■ uj. Using — ^ xS — we can also compute 

= y2^r"^/2 (x cos(l - Af/2)6l + x^ sin(l - /i/2)6') . 
Lemma 9.4. For aZ/ s e M, w e S'''"-'^ and multiindices S, 

WFi,{dtv^{;^)) 

C^^z^{x,c,b)£T*\l~a' <±x-uj<l-(j, bx + c ^ ±^^^^^^0^^ (9.26) 

C ^ {x,c,b) eT*\l - a' < ±x ■ u;, bx + c ^ ± ^^^^i/^ }■ (9-27) 

Suppose in addition that x+ G C°°(R), x+ ^ C'^(II^) '^'^'^ suppx+ c]l,oo[. T/ien 

Op-(x+(a))9^±(-,c.), Op-ix+{a))dt3^i;iu) G L^.^ (9.28) 

Proof. Only the "+" case needs to be considered (can be seen by complex con- 
jugation). Upon multiplying by a localization operator supported outside of the 
right hand side of ()9.26p . we need to demonstrate that the result is in i^^"*, cf. the 
definition (14. 8p . Using the right Kohn-Nirenberg quantization (instead of the Weyl 
quantization) this can be done by integrating by parts in explicit integrals, exactly 
as in the proofs of Lemma 16.81 (pli| and Theorem 16.111 The arguments for (|9.27p 
and (|9.28p are the same, in particular, (|9.28p follows from the proof of Theorem 
IHjTI □ 



Proof of Theorem \9.3[ Due to Proposition 14.81 and Lemma 19.41 we are allowed to 
act by R{+iO) on d^,v- {-,1^')). In fact, for all t G C°°{S'^-^) 

R{+iO)T- {0)t ^ [ R{+iQ)v-{-,J)t{J)Alo' . (9.29) 



Using the representation (I7.3ap interpreted as a form on C°°(5'''~^), and (I9.29p . 
we have S'k(O) S{Q) as k \ 0, where the kernel of 5'k(0) is the well-defined 
smooth expression 

= -27r{j+{;u), F{k\ ■ I < l)v-i-,Lo'))+27n{v+{-,Lo),F{ii\ ■ \ < 1)R{+iO)v-{-,lo')). 
It remains to be shown that 5k(0)(-, •) has a limit in ({w • lj' ^ cos ^z^}) . 
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By integration by parts, it follows that the first term has a limit, in fact in 
fjoci^gd-i ^ S"^^^), cf. the proof of Lemma Whence we only look at the second 
term. 

By Lemma 19.41 and Proposition 13.31 for all s 

WFiMv+i;u;))C{c^O, 5^ + = l}n 

{z I lim x{t)=u;, where 70 (r, z) = (a;(T), 6(t), c(t))}. (9.30) 

T — > + 00 

Here 70 (r, z) refers to the flow defined by ()9.3p . 
By Propositions 14.81 and 19.11 for all s, 

WF:^{R{+lO)d!;,V-{;Lu')) 

C{7o(r,z) I r>0, z e WFi^{d!;,v- {-.lu'))} U {c ^ 0, b > 0} 

C{z\ lim x{t) = -lu'}U{c^O, b>0}. (9.31) 

T — ^ — CO 

By invoking (|9.6p . we see that the sets on the right hand side of (|9.30p and (|9.3ip 
are disjoint away from {uj ■ uj' ^ cos ^^}- Hence also 

WFi,{div+i;u;)) n WFi,iRi+iO)d!;,v-{;u;')) = 0, 

which implies, upon taking s = and using (j9.28p and a suitable partition of unity, 
that 

(9^«+(-,a;,0),i?(+i0)95t>-(-,a;',0)) 

is well-defined. 

By the same arguments 

9595 («+(•, c.,0),F(ac| • I < l)R{+iO)v-{;u;',0)) 

^ {d'^v+{; u;, 0),R{+iO)d!;,v- (., c.', 0)) 

locally uniformly in {uj ■ uj' ^ cos ^3^}. Notice that the bound (|9.28p is uniform in 
w; a similar statement is valid for the bounds underlying (j9.26p . and we also need 
at this point to invoke Remark 19.21 □ 

Remarks 9.5. 1) The somewhat abstract procedure of the proof of Theorem 
19.31 does not provide information about the nature of the singularities at the 
cone Lu ■ uj' = cos 5377 the study of the singularities at the diagonal of 
the kernel of scattering matrices for positive energies (see |IK2| and [Ya2] ) 
it is important that the eikonal and transport equations can be solved in 
sufficiently big sectors. In combination with resolvent estimates this allows 
one to put the singularities in a rather explicit term similar to the first one on 
the right hand side of (I7.2ap . A very similar procedure can be used (at least 
for V2 = 0) for S{0){uj,uj') provided /i < 1. However, for n S [1,2[ there is a 
"glueing problem" due to the fact that in order to apply resolvent estimates 
in this case the constructed solutions to the eikonal equations cj)^ need to be 
extended, viz. as to including some 6 > Therefore, multivalued 0* are 

needed. We devote Subsection 19.41 to a discussion of this question. 

2) Under Condition I LI) it follows essentially by the same method of proof that, 
for A > 0, the kernel S{X){u},uj') is smooth outside the set {{uj,uj')\ lo = w'}; 
for that we use (|9.3p with = 0. See |Va2[ Chapter 19] for a related result 
and procedure. 

3) There is a discrepancy between our results and the main result of |Kv| . The 
idea of [Kvl is to use a partial wave analysis to obtain an asymptotic expression 
of the scattering amplitude for A — > (with the assumption of radial symmetry 
and under the short-range condition ^ > 1). Unfortunately [Kv', (17)] is 
incompatible with Theorems 17.21 17.31 and 19.31 
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9.4. Distributional kernel of 5(0) as an oscillatory integral. In addition to 
the previous assumption Vi{r) = — 7r^^ for r > 1, we shall here assume that 
V2 — 0, see though Remark l9. 61 We shall explain a procedure which in principle 
allows us to calculate the singularities of the kernel S{0){uj,uj'); a fairly explicit 
oscillatory integral will be specified. Using this integral we derive below the location 
of the singularities of S{0) by the method of non-stationary phase, which gives an 
alternative proof of Theorem 19.31 (under the condition that V2 = 0). 

We shall improve on the representation (|7.3ap for S{Q). Notice that the functions 
5,^ and 0+ used up to now are supported near the forward region cos 9 = x ■ lu ~ 1 
only. Now we shall take advantage of the fact that the expression (|9.25p defines a 
solution to the eikonal equation for all values of 9. We shall consider a cut-off at 
larger values of 9, in fact slightly to the left of the critical angle 9 = {1 — fi/2)^^TT. 
The basic idea is similar to the one applied in the study of the kernel of scattering 
matrices for positive energies, cf. Remark l9.5lip . If we can extend the construction 
of the phase and amplitude as indicated above, then we can apply a "two-sided" 
resolvent estimate to deal with the second term on the right hand side of (|7.3ap . 
i.e. to show that it contributes by a smooth kernel; in our case the appropriate 
"two-sided" estimate is given by (j4.3fjl . 

Now besides the problem of extending the phase np to 9 — {1 — /i/2)"^7r, there 
is obviously the issue of well-definedness, since as a function of x is multi-valued; 
for the case of positive energies this problem does not occur since the cut-off in this 
case occurs before the angle 9 = tt. We have 



(J+T)(a;) = (27r)-'^/2 / (e'^+a+) (x, c^, 0)r(cj)dc^. (9.32) 



+ _ 

^e- 

Sd-i 

In fact, in the present spherically symmetric case the dependence of the variables 
X and LU is through r = |a;| and x ■ uj only. Writing 

uj = cos 9 X + sin 9lu, 

where cu ■ x — 0, (|9.32p can be written as 

(27r)"''/2 f ^~ f l^e"^a){r,9)T{coa9 X + siTi9u)sm'^-'^ 9 d9; (9.33) 
Js-^-^ Jo 

for convenience we dropped the superscript. The phase (j) is given by (|9.25p . and 
using this expression and the orbit (jl.27p . we can extend the support of a by solving 
transport equations as in Subsection 15.31 the cut-off is now taken slightly to the 
left of 6* = (1 — /i/2)~^7r. More precisely, the cut-off is defined as follows: First pick 
L e N such that (1 - n/2)L < 1 while (1 - fi/2){L +!)>!. We shall assume that 
the analogue of cr' for the construction of , entering in (15. 2p for the construction 
of J+ , is so small that 

(1 - n/2){LiT + cos"i(l - a')) < TT. (9.34) 



Next the version of (|5.2p that we need is given in terms of the a of the construction 
of J~ as follows: Choose angles ttL < 9q < 9'q < 7r(L-|-l) such that (1 — /i/2)6'Q < tt 
and (1 — /i/2)(0o + cos^^(l — cr)) > tt. Introduce a smoothed out characteristic 



function 



J 1, for s < 6*0, , . 

X2{s) = < , ^ (9.35) 



0, for s > 



'Oi 



and with this choice the new cut-off function takes the (essentially same) form 
X = Xi{r)X2{0)- 
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The extended d has similar properties as before due to the cut-off. Whence we 
are lead to consider the following modification of the expression (j9.33p : 

/• /"OO 

/ (Ej f{r, 6I)t(cos 6* £ + sin 6* 5) | sin'^"^ 6»| de*; / = (27r)-''/2e'"^a, 
Js''-^ Jo 

where the ^-integration (due to the cut-off) effectively takes place on the interval 
[0, (1 — /Lt/2)~^7r]. The next step is to change variable, writing for 6 in intervals of 
the form (2fc7r, (2fc-|- l)7r], 

cos 9 X + sin 6u)~ cos ■0 x -I- sin ij^u)] ip — 6 — 2kTr, 

while on intervals of the form {2k + l)7r, (2k + 2)7t], 

cos 6x + sin 6uj ~ cos ipx + sin tp (— w) ; t/j — {2k + 2)Tr — 9 , 

respectively; here /c G N U {0}. Whence we consider the expression 

/ F{r,,p)T{u)dLO, 

where 

oo 

F{r, tP) = J2 {/(^' ^ + 2^^) + /(^' + 2)^^ - i^)}, 

fe=0 

and as above 

Lu = COS ^ X + sin Tp uj with uj ■ x = and -0 €E [0, tt] , 
i.e. = cos""'^ X • UJ. 

We claim that F{r, 0) is smooth in x and w. Notice that this is not an ob- 
vious fact, since although the function ip = cos^^a; • ui is continuous, it has a 
cusp singularity at x ■ lu — ±1. However, as can easily verified, "0^ is smooth 
at X ■ to = 1 and {tt — i/))^ is smooth at a: • a; = —1, respectively. Moreover, 
/(r, 0) and /(r, -0 + 2{k + l)7r) + f{r, {2k + 2)7r — 0) are in fact smooth func- 
tions of 0^ near x ■ ui — 1, and similarly /(r, + 2fc7r) + f{r, {2k + 2)ti — 0) = 
/(r, {2k -\- l)7r— (tt — V')) + (2fc-|- l)7r-|- (tt — -0)) is a smooth function of (tt — 0)^ 
at i; • a; = — 1. 

Recall that we have the representation (|7.3b|l 

S{{)){uj,Lu') = -27r(iy+(w,0),e"^"i-(-,t^',0)), (9.36) 

where w'^ {u, 0) is the generalized eigenfunction of Theorem 16.51 

Define w = ^(a:,^) = F{r,ip)—R{—iO)HF. Due to Proposition l4.101 Proposition 
14.11 (jnil and Lemma [6751 (jml, this w agrees with the eigenfunction w'^{uj, 0), cf. the 
proof of Lemma [6. 101 Therefore, our (extended) version of (|7.3ap reads 

S{Q){uj,uj') = -271 {F, e"!'" r {■, uj', 0)) +2TT{R{-iO)HF,e"^'i~{-,uj',0)). (9.37) 

As indicated above, the contribution to S{0){uj,uj') from the second term on the 
right hand side of (|9.37p is smooth in uj and uj' , if we use a cut-off sufhciently close 
(but to the left of) the critical angle 9 — {1 — /i/2)^^7r; this is indeed accomplished 
by using (|9.35p as cut-off function. 

We conclude that the singularities of the kernel of S{0) are the same as those of 
the kernel of the operator 5(0) given by 

(ti,5(0)t2) =-27r( J F{r,ij)n{uj)dcu, J (e'^^r) (•, c^', 0)T2(c^')d^') • 

Whence (formally) 

5(0)(w,w') = -27r J F{r,^){e"^'i-){-,uj',0)dx. (9.38) 
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Next we introduce the variable 0' = cos~^ x ■ (— tf') S [0, 7r/2); we can represent 
4>~ (a;, w', 0) = —4>{r, 6'), cf. p.6p . The integrand on the right hand side of (|9.38p is 
given as X]fe=o where /j; has the form 

^ g-i(0(,.,(2fe+2)^-V)+0('-,e'))g(^^ (2A: + 2)^ - V, 9'). (9.39) 

Let us argue that the integral (|9.38p is well-defined in {iv ■ uj' ^ cos 3371 
in agreement with Theorem 19.31 The argument is based on the method of non- 
stationary phase. First we notice that the cusp singularities at i/) = and Tp = tt 
correspond to non-stationary points. More precisely, we can write 

X — r(cos + sini/j a;), 
and perform the ^-integration as 

■dx= sin'^-^i/'d?/' / dx ■ ■ ■ r'^'^dr. (9.40) 
Jo Js-i-^ Jo 

Now on the support of g the factor cos(l — /i/2)0' > cos0' > l — a' , while the factors 
cos(l — i.i/2){ijj + 2kn) and cos(l — /i/2)((2fc + 2)tt — iji) stay suflaciently away from 
— 1 (given that ?/; ~ or i/' « tt) to ensure that the sum of phases does not vanish; 
here we use (|9.34p . Thus the phases of fk are nonzero near the i/'-endpoints of 
integration, and consequently integration by parts with respect to r regularizes the 
integral (|9.38p (upon first substituting ()9.40|) and localizing near the ^-endpoints) . 

By the same reasoning as above, depending on whether L is even or odd (viz. L = 
21 OT L = 2/ + 1), only the integral of one term of (|9.39p (and only with k — I) carries 

singularities. We first look at the case for which only gir, ip + 

21^, 9') contributes by singularities. Clearly, for a stationary point 

cos((l - fi/2){'ijj + 2171)) + cos((l - ^Ji/2)9') = 0, (9.41) 

which leads to the condition 

cos(V' + 9') = cos(2^7r). (9.42) 

There are three cases to consider. 
Case I. oj = —oj'. In this case 9' — tp, so that 

A.{cj,{r,^p + 2lTT) + cPir,9')) 

= -v/27ri"^/2(sin(l-/i/2)(?A + 2?7r)+sin(l-/x/2)V') < 0. (9.43) 
Whence there are no stationary points. 

Case II. u! = uj' . In this case 9' = tt — ip so that (|9.42p reads 
uj ■ uj' = I — ~ cos{^^tt) = cos( 23-7r). 



This agrees with the "rule" of Theorem 19.31 

Case III. LU Coj' . In dimension d > 3 the vectors x — zty/\y\ where y = 
Lj' ~ uj' ■ Lo UJ are the only possible critical points of the map 

S"^"^ 3x^9' = cos"^(-(cosV'w + sinijjx) ■ uj') E M. 

Consequently, for any stationary point, x must belong to the plane spanned by u 
and uj' (like for d = 2). Let us introduce the angle 7 = cos~^ uj ■ {—uj')- There are 
three possible relationships to be considered a) 7 = \ip — 9'\, h) j ~ ip + 9' and c) 
■J = 2Tr — {ip + 9'). For a), 6*' = V T 7 can be substituted into the sum of phases 
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and we compute as in (|9.43p . Again there will not be any stationary point. For b) 
we can use ()9.42p to compute 



Lo ■ (jj' = — COS7 = — cos(2^7r) = cos(;5^7r), 
which agrees with the "rule" of Theorem 19.31 Similarly, for c) we compute 
w • oj' = — C0S7 = — cos(?/' + = — cos(2-^7r) = cos( j^tt). 

Next we look at the case for which only e-'(-*('-^2(i+i)^-v)+0(r,e')) ^(^^ ^{l + \)tt~ 
ip,9') contributes to singularities. The stationary point is given by 

cos((l - m/2)(2(/ + l)7r) - Vj) + cos((l - ^l|2)e') = 0, (9.44) 

which leads to the condition 

cos(V' - e') = cos(2^7r). (9.45) 

Again there are three cases to consider. 
Case I. cj = —ijj'. In this case 6' — ip, so that 

oj ■ iv' = —1 = — cos(23^7i') = cos(2r^7r), 

which agrees with Theorem 19.31 

Case II. uj — uj' . We have 9' = n ~ i}} , so that 

^(0(r,2(/ + l)^-^) + (/.(r,0')) (9-46) 
= y2^ri-^/2 ( sin(l - ^l/2){2{l + l)7r - V) + sin(l - ^/2)(7r - 1/;)) > 0; 
whence there are no stationary points. 

Case III. u) ^ Coj' . As in the previous "Case III", for any stationary point 
the vector x must belong to the plane spanned by lo and lo' . Again we define 
7 = cos~^ u) ■ {—lo'), and there are three possible relationships to be considered: a) 
7 = IV' - 6*'!, b) 7 = V + 6*' and c) 7 = 27r - (V' + 9'). For a), 

UJ ■ uj' — — COS7 — — cos(V' — 9') ~ ~ cos{^^tt) — cos(2r^7r), 

which agrees with Theorem 19.31 For b) and c) we compute as in (I9.46P : there are 
no stationary points. 

Remarks 9.6. 1) For the above considerations (on the location of singularities), 
it is not strictly needed that V2 = 0. In fact we can include a V2 as in Condition 
12.11 with 62 > 1—^/1 and solve transport equations as before using the same 
phase function (the one determined by Vi only). 

2) Suppose in addition to[T]) that V2 is spherically symmetric. Then the operators 
T = S'(O), as well as T = S'(O), obey that RTR-^ = T for all d-dimensional 
rotations R. This means that the kernel T(uj, uj') of these operators is a function 
oi UJ ■ uj' only. Using the stationary phase method it is feasible for ^ Z to 
write (as a possible continuation of the above analysis) the singular part of the 
kernel of S{0) as a sum of terms of the form {uj ■ uj' — i'±iO)~ 2 a{uj ■ uj') (at least 
for poly- homogeneous V2); we shall not elaborate. The next section is devoted 
to an alternative approach that we find more elementary, and besides, by that 
method we can extract the singular part in the exceptional cases € ^ too. 
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10. Homogeneous potentials - type of singularities of S{0) 



In this section we shall compute the main contribution to the scattering matrix 
S(0) for a potential homogeneous of degree (plus a lower order term), see Sub- 
section [TU3] for precise conditions. It will turn out to be the evolution operator for 
the wave equation on the sphere at time ^z^""- We devote Subsections 110. IHIO. 31 to 
a study of this operator. In particular, we will compute explicitly its distributional 
kernel and determine the location of its singularities. We assume throughout the 
section that d> 2. 

10.1. Evolution operator of the wave equation on the sphere. For any 

^ l£ i < j l£ d, define the corresponding angular momentum operator 

Lij := —i{xidxj — Xjdxi)- 

Set 

L':= 4' A := ^L^ + [d/2 If. 

l<i<j<d 

Note that A is a self-adjoint operator on L^{S'^~^) and its eigenfunctions with 
eigenvalue / -I- d/2 — 1 are Ith order spherical harmonics for / = 0, 1, . . . . 

For any 9 one can compute exactly the integral kernel of e'®^. Although the result 
already appears in the literature, see |Ta[ Chapter 4, (2.13)], we shall for the readers 
convenience give a complete derivation (this proof is different from Taylor's). Note 
that the operator appears naturally when we solve the wave equation on the sphere, 
therefore we call it the evolution operator of the wave equation on the sphere. 

First we need to introduce some notation about distibutions. For any e > and 
s e R, the expression 

Re y ^ {y± ie)~i 

defines uniquely a function on a real line, which can be viewed as a distribution in 
5'(R). It is well known that for any g 5(R) there exists a limit 

l\fl /(2/±ie)~5 0(y)d?; J {y±iO)-^(t){y)dy, 

which defines a distribution in 5'(R). In the sequel we will treat this distribution 
as if it were a function, denoting it by {y ±iO)~i . Note that for s,e > we have 
the identity 

(y±ie)-t = — — / e'*(±^+-)t^df. (10.1) 

We shall in this section show the following result: 

Proposition 10.1. (1) If 6 = 7r2fc, k e Z, then e'^^ = (-1)'=^ times the 
identity. 

(2) Ife = n{2k + l), keZ, </iene'^^ = e"^(2fc+i)(d/2-i)p^ where P is the parity 
operator. 

(3) If 9 e]7r2fc,7r(2fc + 1)[, fc e Z, then e'^"^ has the distributional kernel 
e'^^(cj,tj') = (27r)-''/2 sin6ir(d/2)e-''^/2(_^ -u' + cosO- iQ)-'^/^. 

(4) If d G]7r(2fc — l),7r2fc[, k G Z, then e'^^ has the distributional kernel 
e'^^(w,cj') = (27r)-''/2 sin6ir(d/2)e-''^/2(-tj -lu' + cos9 + lO)-'^/^. 
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10.1.1. Tchebyshev and G eg enbauer polynomials. Recall that the Tchebyshev poly- 
nomials (of the first kind) are defined by the identity 

T„(cos ip) :— cos n(j), rt = 0, 1, . . . . 

Let \t\ < 1. The following generating function of Tchebyshev polynomials follows 
by an elementary calculation: 

°° 2t'- 

- - 2wt + t^) = '^—Ti{w). (10.2) 
1=1 

Gegenbauer polynomials are defined by the generating function |Mii[ lAAR] 

1 



(l-2u;< + t2)(d-2)/2 



= Y.t'cl'-^^/'iw). (10.3) 



1=0 



The left hand sides of p0.2|) and (110. 3|) look different. But after simple manipula- 
tions (involving differentiation of both sides) they become quite similar 



To{w)+j:Zit''^Ti{w), d=2- 

(10.4) 

XT=ot''-'^-''-^ct'"\^l <i>3. 



By substituting t = e'^ for Im6' > 0, we rewrite this as 

_^2sin0 ^T,{w)+Y.ti^''"2Ti{w), d = 2; 



2'i/2(cos0-H' [j2Z,e^^^+^-'^<^'-i±^ci'-'^/\w), d>3. 



(10.5) 



10.1.2. Projection onto Ith sector of spherical harmonics. It is well-known that the 
integral kernel of the projection onto Zth sector of spherical harmonics in 1/^(5"^"^) 
can be computed explicitly. This fact is usually presented in the literature as the 
addition theorem for spherical harmonics, see e.g. Theorem 2, Sect. 2 of [Mii| . In 
the case c? = 3 it can also be found in [Vl] . 

Proposition 10.2. Let Y be an Ith order spherical harmonic in L'^[S'^~^). 

(1) In the case d — 2, 

I ^To{x-y)Y{y)dy = dmY{x); (10.6) 
/ -T„ix-y)Y{y)dy - dinY{x), n=l,2,.... 

(2) In the case d> 3, 
(l^l±|gM^Cr^)/^(i . y)Ymy - 5inY{x). (10.7) 

Proof. The case ()10.6p is elementary. In the proof below we restrict ourselves to 
d > 3. 

Let us first recall the formula for the Green's function in for d > 3: 

= - Jd/212,1 di sd-i{d-2)\x\d-^' 
where Sd-i = r{d/2) axes, of 5'''^^. It satisfies 

AGd = So, 
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where i5o is Dirac's delta at zero. Recall also the 3rd Green's identity: if Ag = 
and r2 is a sufficiently regular domain containing x, then 



9i^)^ giy)'^yGdix-y)ds{y)- (V5)(y)Gd(x - y)ds(y). (10.9) 

Jdn Jdfl 

We extend Y to R'^ by setting g{x) = \x\''Y{x). Note that 
Ag{x) = 0, xVxg{x) = Igix). 

By for < |y|, 



n=0 

y.V,G.(x-y) = £i|^f;(d-2 + n)Cr^)/2(iy)|xrM-''+^-". 

We apply p0.9|l to the unit ball, so that [y] = 1 and \x\ < 1: 

\x\'Y{x)^ I g{y)y-VGd{x~y)dy~ I {y ■ Vg){y)Gd{x ^ y)dy 



oo 



= ^^t!/2^^ E(^-2 + " + l^^_Yiy)Ci'-'^/\xy)\^rdy. (10.10) 

Comparing the powers of on both sides of (jlO.lOp . we obtain (|10.7p . □ 

10.1.3. Proof of Provosition [Tim Let Qf~^ be the orthogonal projection onto Zth 
order spherical harmonics on S'^^^. We multiply (jlO.Sp by r(d/2)2~^7r~'^/^, set 
w = uj ■ oj' and use Proposition 110.21 We obtain 



-^^ingr(rf/2) _ VO'^-ifc.c.V 

(2^)'^/2(cos0-a;-c^')''/' ~ ife 



{l+d/2-l)e 



Replace 9 with 9 + le, where 9 is real and e positive. For small e we have 

cos(0 + le) cos 9 — i sin 9e. 

Now sin 6* > for 9 G]7r2fc,7r(2fc + 1)[ and sinfi^ < for 9 e]7r(2fc - l),7r2fc[, which 
ends the proof for the case 9 gM. \ ttZ. 
The case 9 G ttZ is obvious. 

10.2. Evolution operator of the wave equation on the sphere as a FIO. 

Let X be a smooth compact manifold of dimension n. Let us recall some basic 
definitions related to Fourier integral operators on X, cf. |Ho4| . 

We say that X x X x M.'^ 9 {x,x',9) i— > (f){x,x' ,9) is a non-degenerate phase 
function if it is a function homogeneous of degree 1 in 9, smooth and satisfying 
^ away from 6* = 0, and such that 

{{x, x' ,9) X X X xM!" \ V9(/)(x, x',9)^ 0} 

is a smooth manifold on which VV^j^, . . . , VVg^.^ are linearly independent. 

Let X be a smooth and homogeneous transformation on T*X \ Xx{0}. We say 
that it is associated to a non-degenerate phase function cj) iff two pairs (x, ^), (x', ^') G 
T*X \ {Q}xX satisfy x(a;',f ) := (a;,^) exactly when 

^ = Vx<i){x,x ,9), 
e = -W^,cj){x,x',9), 

= Ve0(a;,x',6l). (10.11) 



The transformation x is automatically canonical, that is, it preserves the symplectic 
form. 

We say that a smooth fmiction X x X x M.^ 9 {x,x',0) i-^ u{x,x',9) is an 
amplitude of order m iff 

Recall from [Hoi] that an operator U from C°°{X) to is called a Fourier 

integral operator of order 

n k 

iff in local coordinate patches its distributional kernel can be written as 

U{x,x')= /e"*(^'^'^)u(a;,a;',6')d6', (10.12) 



where 9 £ K'^ are auxiliary variables, the function is a non-degenerate phase 
function, and u is an amplitude of order m. 

If the phase of U is associated to a canonical transformation x, we say that U 
itself is associated to x- We note that in such a case there are conditions under 
which we have for all v G ^'{X) (using here the notion of wave front set of a 
distribution, cf. [Ho4i Section 2.5]) 

WF{Uv) C xiWF{v)); 

see |H641 Proposition 2.5.7 and Theorem 2.5.14] (these conditions are fulfilled for 
the example U = Ug given below). 

Theorem 10.3. The operator Ue :— e'^^ is a FIO of order 0. 

Proof, li 6 & ttZ, then e'*^ is a so-called point transformation. But point trans- 
formations given by diffeomorphisms of the underlying manifold are always FIO of 
order zero. 

Assume that 9 ^ ttZ. Consider e.g. the case 9 e]7r2/c, n{2k + 1)[. By (|10.ip and 
Proposition llO.il the kernel of Ug can then be written as 

/•OO 

Ue{iu,oj')^C e<^-^'~''°''^h'^dt. (10.13) 







If we compare (|10.13|) with the definition of a FIO given above, we see that t{Ljj 

1 

"2 



w' — COS 6) is a non-degenerate phase function. We also have n = d— Ijm^"^ ^ 



and k — I. Thus Ue is a FIO of order 

d-2 d-1 1 



= 0. 



2 2 2 

□ 

Let us describe the canonical transformation associated to the FIO Ug. Let 
{i^,0 G T*{S'^~^). It is enough to assume that |^| = 1. Then the canonical 
transformation X9 associated to Ue is given by xe('-^',C') — (^lOi where 

u! ~ uj' COS 9 — sin 9 , 
^ = sin 6* -I- ^' cos 6*. 

10.3. Main result. The main result of this section is 



Theorem 10.4. Suppose Conditions \2.1\\K3\ with d > 2, the condition Vi{r) = 
— 7r^'' for r >1, V2 is spherically symmetric and that the number 62 of Condition 



dr 

-A 



I] obeys 62 > 1 - ^ (viz. -^V2{r) = ©(r-^" 2 -'-'=) ; e > Oj. Then 



5(0) = e"=°e-'^'' + K, 



where K is compact and 

CO = ^RI'^ + 2 r {V-mir')- V^m^) dr' 



Let us remark, as a first reduction of tlie proof of Tlieorem 110.41 tliat we can 
assume that V3 = 0. This can readily be seen by using resolvent equations in 
the representation formula (I7.3ap and Proposition 14.11 Another manifestation is 
provided by Subsection l9.4l (including Remarks 19. 6lip ): Clearly the term S{0) that 
carries the singularities is independent of V3 = 0. 

The analysis will go through under slightly weaker conditions than needed for 
Theorem 110.41 (given that V3 =0). Specifically, we shall in this subsection impose 
the following 

Condition 10.5. The potential V splits into a sum of three spherically symmetric 
terms V — Vi + V2 + V3, where all terms Vi, V2, and V3 are real and continuous 

functions on ]0, oo[, Vi{r) — —^r~^^ for r > 1, V2 = 0{r 2 ""^j for some e > 0, Vi 
and V2 vanish in a neighbourhood of r = 0, V3 has bounded support and |V3(r)| < 
jTQj. gQQ-^g constants C, k > 0. 

Under Condition 110.51 we can define the phase shift (Ji{Q) as follows: Fix I G 
NU {0} and fix i?o > so large that V{r) < for aU r > Rq. Then aU real solutions 
zero energy of the reduced Schrodinger equation on the half-line ]0, cx)[ 

- + Viu^O; Vi{r) ^ 2V{r) + '^'^^'X^^" (10.14) 

obey 



u{r) sin(/;^y3214P)dr- + D) 

-dTT - [r>i)e i?,^,o 

r 2 (-2Vi(r))4r 2 

for some C > and Z) e M (can be seen from the WKB-analysis given in the bulk 
of Subsection 110. 4p . The regular solution is defined by the requirement 

lim r 2 u(r) = 1. 

r— >0 

(The existence and uniqueness of the regular solution is usually proven by studying 
an integral equation of Volterra type, cf. [Ne].) Now we define in terms of the 
constant D for the regular solution 

ai{0) = D+ f U-2Vi{r') - ^-2V{r')'\ dr' + ^^^tt. (10.15) 

J Ro 

Note that (jl0.15p and CoroUarv 18.41 are consistent; in particular this justifies the 
joint use of the symbol ^((O) in ()10.15|) and CoroUarv 18.41 see Remark 110.71 for a 
related discussion. 

We shall show the following asymptotics: 

Proposition 10.6. Under Condition llO. 5[ the phase shifl^ obeys 

+ (10.16) 



Ro 



(^^-2Vi{r) - v/-2F(r)) dr. 



Clearly Theorem 110.41 is a consequence of ProDOsition llO.61 

Remark 10.7. Note that for < /i < 2 and in dimension d> 2, V{x) — — 7|a;|~^ 
is an infinitcsimally form bounded perturbation of —A. Therefore, i/^ := A — 
7|x|~'^ is well-defined and self-adjoint (even though Condition 12.31 ^ may fail). 
(Actually, i?^ extends to an analytic family of operators for Re/i e]0, 2[.) It may 
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be tempting to claim that in the cases where operator boundedness fails one can still 
follow the procedures of Section [H i.e. use the function ^^^pj^ in ()9.25p as the zero 
energy solution of the eikonal equation to construct and analyse the zero energy 
scattering matrix. However, since the resolvent estimates from |FS| are only derived 
for operator bounded potentials, these estimates would need to be reconsidered. 
On the other hand, since this potential V(x) — —j\x\^^, < /i < 2, indeed 
fulfills Condition 110.51 we can use p0.15p in this case to define the zero energy 
scattering matrix (by the formula S{0)Y = e^'^'^'^^^Y for spherical harmonics Y of 
order I). Based on this definition and Proposition 110.61 it is natural to conjecture 
that it equals exactly S{0) ~ e^'^°e~^^^^, or alternatively, that the terms o{l^) in 
Proposition 110.61 vanishes identically. We leave this as an open problem for the 
interested reader. 

10.4. One-dimensional WKB-analysis. This subsection is devoted to the main 
part of the proof of Proposition llO.61 It is based on detailed 1-dimensional analysis. 

For convenience, let us note that the effective potential Vi of (110. 14|) for V2 = 
V3 = is given by 

Vi{r) = 2^1 (r) + = _27r-^ + k:=l + ^. 

Abusing slightly notation, we shall henceforth denote this expression (whether V2 = 
Vis = or not) by Vk and similarly crfc(O) := (Ji{0). 

In the case V2 = V3 = 0, there is a unique zero, say, denoted ro, of the effective 
potential Vk- Explicitly, 

Vfe(ro) = 0forro= (^^)2^. (10.17) 

For later applications, let us notice that 

y,'(ro)^-(2-M)^. (10.18) 

Clearly Vk is positive to the left of tq and negative to the right of tq. 

Proposition 10.8. Under Conditions \10.5[ the regular solution (up to multiplica- 
tion by a positive constant) satisfies 

u{r)^{~Vk)---(r)(sm( ^ -Vk{r') dr' + f + o(fc")) + 0{r-'' )) , (10.19) 

where o{k'^) signifies a vanishing term that is independent of r and ek > 0. 

10.4.1. Scheme of proof of Provosition [JITR We shall first concentrate on the case 
where V2 — V3 = 0; the general case will be treated by the same scheme (to be 
discussed later). 

We introduce a partition of ]0, cxd[ into four subintervals given as follows in terms 
of ei, £2, £3 G (0, 1] to be fixed later: 

1. h =]0,ri], ri =rofc~2^. 

2. I2 ^]ri,r2i r2 =ro(l-fc^^^). 

3. I3 =]^2,r3], ra =ro(l + fc-^3). 

4. I4 =]r3,oo[. 

In each of the intervals Ij where j = 2, 3 or 4, we shall specify a certain model 
Schrodinger equation together with its two linearly independent solutions 0^. In 
terms of these, we can construct exact solutions to the reduced equation 

- u" + Vku = (10.20) 

by the method of variation of parameters, cf. for example [HS| . Our subject of 
study is formulas for the regular solution u — Uk- Specifically, in the interval Ii we 
shall use a comparison argument to get estimates of the regular solution at r = ri . 
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Then we shall use a connection formula to get estimates of the "coefficients" 



and of the ansatz 



(10.21) 

with i — 2 dX the same point r — ri. Next, using the ODE for and we 
shall derive estimates of these quantities at r = r2 . Proceeding similarly we shall 
consecutively represent u by (|10.2ip on Ij, and 1^ using connection formulas at 
r2 and ra, and eventually get estimates in the interval 1^, and whence derive the 
relevant asymptotics of u. 

Suppose 4>~ and (p'^ solve the same one-dimensional Schrodinger equation, say, 

-(t>" + = 0. 

The variation of parameter method for the equations (|10.20p and (|10.2ip yields 

d " " 
d7 



3^' 



dr ^ 



{V-A) 







(10.22) 



(We have omitted the subscript j). We introduce the notation W{(t>^ ,4)'^) for the 
Wronskian iy(0~,(/)+) = ^^gf^^ - '^"''a?'/'"- Then we write B ^ Vk - A and 
transform (jl0.22p into 



where 



N 



B 



For a positive increasing continuous function / on / (to be specified), we intro- 
duce the matrix T — diag(l, f~^)- We compute 

B 



TNT-^ ^ 



Introducing the operator {Mjz){r) — ^ Nj{r')z{r') dr', j > 2, acting on contin- 
uous functions z(-) : Ij R?, the above ODE is solved by 



3 m=l 

bound 

, oo 

T,{r)[Q_){r)~z,]\ < \\[{T,M,T-TT,z,){r) 



Whence we have the bound 



(10.23) 



to the right Tj is considered as an operator acting as {Tjz)(r') = {Tj){r')z{r'). 
Using that fj is increasing, we can estimate 

\\{T,M,T-'z)ir)\\< f ||(T,iV,i;-i)(r')||||z(/)||dr', 
which applied repeatedly in (|10.23p yields the following bound for r E Ij: 

< 



(10.24) 



{(exp J ||(r,iV,rri)(r')||dr') - l} sup ||T,(f)z,|| 



{( 



exp 



|(r,iV,7;ri)(/)||dr')-l}||z,||. 



We specify in the following cpf, Bj and fj for j — 2,3 and 4; in all cases 



1: 
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Ad interval l2- We define 

</,±(r) = 2-5y^r^e* A (10.25a) 

compute 



/ 1^' \ 2 Y" 
(^) 

(10.25c) 



and let 

Ad interval I3. We define (in terms of the Airy function, cf. |HS| and [Ho 11 
Definition 7.6.8]) 

<Ptir) =V^C'Ai{-C'{r-ro)); C := \V;{ro)\K (10.26a) 
4)~{r) =V^e 6 (-iAi( - C^e 3 (r - ro)) 

+ V7re""6"C"^Ai( - C^e"~(r - ro)), (10.26b) 

compute 

B^{r) = Vk{r) - (yfe(ro) + n'(^o)(r - ro)) = / (r - f)Vl! {r) dr (10.26c) 
and let 

Ur) = H^^'^^"^'^''^'-)^ :[^<^"' (10.26d) 
[1, if?'>ro. 

Ad interval 1^. We define 

^t{r) = i-Vk)-ism( ^^dr' + j), (10.27a) 

0rW = (-^fc)"^cos( / y^dr' + j), (10.27b) 

compute 
and let 

/4 = 1. (10.27d) 

10.4.2. Details of proof of Proposition \10.8l We start implementing the scheme 
outlined in Subsubsection [TD.4. II 

In the interval Ii we shall use a standard comparison argument. With Vk replaced 

hy V — -^^^^3-!^, the regular solution is given by the expression u — r'^^^ and the 
corresponding Riccati equation 

ij' = V~^^ (10.28) 

is solved by -0 = = 

We fix ei s]0, 1] (actually ei > can be chosen arbitrarily) and notice the 
following uniform bound in r G /i : 

fc(fc+i) 



B, = -{{^Vk)-iy\~Vk)i = ~^{^y + (10.27c) 



Vk{r) = ^^[l + 0(k-^^)y (10.29) 

Using (|10.29p . we can find C > such that with fc± := fc(l ± Ck""^) and 
^ki''') ^''2'''"'"'' there are estimates 
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Now, by using fBR' Theorem 1.8] and the Riccati equation, it follows that the 
regular solution u of (|10.20p is positive in /i, and that v := obeys the bounds 



v{r) 



^ K +1 

— r 



r e /i. 



We conclude the uniform bound 

The connection formula at r = ri reads 

4'^ 



Obviously, (|10.3ip is solved for the coefficients by 



\ 3 / r=rj-i 

Next, from (|10.25ap we compute 



{-cPjY + cj^-v 

(0+)' 



, J = 2. 



(10.30) 



(10.31) 



(10.32) 



(10.33) 



We substitute these expressions and (|10.30p in the right hand side of p0.32p and 
obtain 



/ a+(ri) \ _ 2fc / l + 0(fc-^i) 
\a^{r^)) 0{k'^-) 
To apply (|10.24p . we notice that 



(10.34) 



B 



292 <P2 



1 1 

-1 -1 



Whence (for the first inequality below we assume that the integral is bounded in 
k so that the inequality expx — 1 < Cx applies - this will be justified by p0.36p ). 



< C2r^ 



ri/ro 
ri/ro 



k " k 

6 



ds (changing variables r' — r^s) 



As 



(nil 
L 



.1/2 \ 



••• ds 



••• ds 



ri/ro 



< C^r^ ^ max 

< C4k^'^-^ ^ 



ri/ra 



1/2 



(1 - S^-M) 2 



1/2 



ri/ra 



Ms) 



we need here 



§£2 - 1< 0. 
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(10.35) 
(10.36) 



We conclude by combining (|10.34p and (|10.35p : 

Next we repeat the above procedure passing from the interval I2 to J3. 

The first issue is the connection formula (|10.3ip with j = 2 replaced by j = 
3. The left hand side can be estimated using (|10.33p . p0.37p and the following 
estimates (where p0.36p is used): 



= ^(2-/i)^fc-t(l + 0(fc-'^)), (10.38) 



K(-2) 



o 



= r^iO(fc'=). (10.39) 



Vkir2) Vk{r2) 
Notice that (|10.38p dominates (|10.39p (by (|10.36p again), so that 

^ - 7^7) (^2) = (2 - /^)^-A:-* (1 + 0(fc-^= 

We conclude that 



= (2-^)^^fc-f (l + 0(fc-^^) +0(/ci^^-i)). (^0 4Q) 

By (|10.3ip and (|10.32p with j — 2 replaced by j = 3, up to multiplication by a 
positive constant, 



/ r=r2 \ " " / r=r2 



(10.41) 



It remains to examine the asymptotics of 0^ and their derivatives at r2 . For that we 
notice the asymptotics as r — tq —00, cf. [HS[ Appendix B] and [Holl (7.6.20)], 



+ (10.42a, 
)■ = e{r, - ,)t °'-(-|<'"'7>*) (i + 0(rn™ - ■■)-')). (10.42b) 



C2(ro-r)3 V '/ 



(10.42c) 



'"2 , 



(03-)' = -C^(-o - r)h^.^l^±^ (1 + 0{Q-\r, -r)-i)). (10.42d) 

Since C ('^0 — '^2)^ ^ \J2 — [ik ^ 2-^ ^ (|10.18p . these asymptotics are applicable. 
By the same computation, (|10.40p can be rewritten as 

^^(^2) - C'(^o - 7-2)5 (1 + 0{k-'^) + 0{ki'--^)^ . (10.43) 

Whence, in conjunction (jl0.4ip . we obtain (up to multiplication by a positive con- 
stant) 



'4{r2)\ ^ /exp(|C3(ro-r2)i)(l + 0(fc--)+0(fci--i)) 
(^2) ) V exp ( - |C3(ro ~ r2)i) (o{k~^^) + 0{ki'^-^)^ , 



(10.44) 
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Next, to apply (|10.24p with j = 3 we need the foUowing asymptotics of (fif and 
their derivatives as r — rg ^ +00, cf. [HS) Appendix B] and [Hol^ (7.6.20) and 
(7.6.21)]: 

^t't = CHr - ro)-^ (sin (fC'(r - ro)^ + f ) + 0{C^{r - ro)-^)) , (10.45a) 
('^^)' ^CHr~ ro)^ (cos (|C'(r - ro)i + f ) + 0{CHr - ro)-^)), (10.45b) 
^- = _ ro)-^ (cos (|C3(r - ro)^ + f ) + 0(r^(r - ro)-^)) , (10.45c) 

(03")' = -C*(^ - r-o)^ (sin (|C^(r ~ tq)^ + f ) + 0(r'(r - ro)-^)). (10.45d) 
In particular, 

TsNsT^^ = B3C^O{k°) uniformly in r e I3. 
In conjunction with p0.24p . pO.lSp and the fact that 



4+2^1 



Vf, (r) = 0[k uniformly in r € J; 



(10.46) 



we obtain 



-=<-){(:!-)(-)-(:!-)<-'} 



, . _4+2££ 2l±R 



< C2/fc^"^'"'"('=^''^)a+(r2); 



here we need 



(10.47) 
(10.48) 



3 - 3min(e2,e3) < 0, 

cf. (|10.36p . At this point let us for convenience take €3 = £2, so that (|10.48p 
simplifies and in conjunction with ()10.36p leads to the single requirement 

I > £2 - £3 > |. (10.49) 

We conclude that (up to multiplication by the positive constant a'^{r2)) 



'l + 0{ks 

. o{k' 



(10.50) 



Next we need to study the connection formula passing from I3 to I 4^; a little 
linear algebra takes it to the form 



So we need to compute the appearing Wronskians. To this end we note the following 
uniform asymptotics for r S [ro,r3], which are readily obtained from (jlO.lSp and 
P0.46p (recall that by now £3 — £2): 



14(r)=14'(ro)(r-ro)(l + 0(fc-'^)), 
Vlir)^Varo){l + 0{k-^^)), 



^~Vkir')dr' = -C3(r - ro)^ (l + 0(fc-^^)) 



= ^C'{r-ro)^ +0{k 



(10.51a) 
(10.51b) 
(10.51c) 



(10.51d) 
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Due to (|10.51cp and (|10.51d|) . the asymptotics (|10.45ap - (|10.45d|) at the point r = ra 
can be written in terms of 



as 



{<l^t)'{r,) 

(03')'(^3) 

{-Vkirs))i " 
Next, using that 



= sm 



V-Vfc(r')dr' + f 



■ sm 



-VI 



(10.52a) 
(10.52b) 
(10.52c) 
(10.52d) 



^ir3)^0(^k2^^-'), 



(10.53a) 
(10.53b) 
(10.53c) 
(10.53d) 



cf. p0.51ap and (|10.51bp . we obtain for the functions 

0^(^3)-(-Vfc(r3))-^sin (0), 
i^l^tnrs) = (-14(^3))^ (cos {9)+0{ki^^-' 

01(^3) = (-Vfe(r3))-^ cos (0), 

i^iYirs) = -(-T4(r3))^(sin {0)+O{ki^^-' 

The matrix of Wronskians is readily computed using (|10.45ap - (|10.45d|) and 
()10.52ap - (|10.52dp . In combination with p0.50p . we obtain (using in the second 
step (Unili)) 

(fc--^^) +o(fc5'=^-i) +o(fct^^'') +o(fci-t^^^ 

Now we estimate in I4 using (|10.54p (and mimicking partiaUy (|10.35p ) 
< C.{(exp£ |( - .|)o((-V^,)-i)| d/) - 1} 



4(^3)-! 
ar(?'3) 



= O 



(10.54) 



<C2ro 



•fro 



ds (changing variables r' = r^s) 



^/2-2((l - S^-2)-^ + (1 - sA<-2)-f ^ 



ra/ro 



< c,r^,"''ky 



S^/2-2ds 
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(l-s^-2) ^ds 



(10.55) 



By the same type of estimation we also deduce that for fixed k there exist > 
and 04(00) e M such that 

a±(r) = a±(oo) + 0(r-^''). 

By applying ()10.55|) with r = 00 in combination with (|10.54|) (and using an ele- 
mentary trigonometric formula), we conclude that pO.lPp is true. 
The general case. It remains to prove (|10.19p under Condition llO.51 fi.e. without 
assuming that V2 = V3 = 0). All previous constructions and estimates carry over, 
so below we consider only some additional estimates that are needed. Denoting 
U = 2V2 + 2V3, the functions (p^ and fj and the potentials Aj are exactly the same, 
while the potentials Bj are given as the old Bj plus U, j — 2,3,4. 
Ad interval Ji . We notice that (|10.29p is valid (here with 14 defined upon replac- 
ing 2Vi 2V = 2Vi + U). Whence we can proceed exactly as before. 
Ad interval I2. In addition to p0.35p we need the following estimation (assuming 
in the last step that ^ + e < 1): 

£Vo(n')|d/o(^) 

< C\—rQ / J ds (changing variables r = tqs) 

/ri/ro (l-s2-M-)5 

< Cgfc"^ (10.56) 

Ad interval 73. In addition to (|10.47p we need the following estimation 



/ \UC^\dr' 

J rr> 



'1-2 

< Ci / A:^2-/.r'-i-^-^dr' 

r-e2- 



<Czk-' ' 2-M. (10.57) 

Due to p0.49p the right hand side of (|10.57p vanishes. 

Ad interval 1^. In addition to (|10.55p we need the following estimation: 

|f/0((-yfe)-^)|dr' 
< CxTq'^ \ 3- ds (changing variables r' = ros) 

Jrs/ro (1 - s^'-2) 2 

<C2fc~5^. (10.58) 
This ends the proof of p0.19p . □ 

10.5. End of proof of Proposition 110.61 We need the following elementary 
identity: 



Lemma 10.9. Let fi < 2. Then 



2 



y/r-i^ - r-2 - Vr-^) dr = . (10.59) 
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1 9 

Proof. We first substitute r = s^'-^ and then s = sin (p. Thus the left hand side of 
(|10.59p equals 



^^72 2 - TT 



2 — 

Proof of Proposition \10.6[ Using Proposition llO.81 we calculate 

^-Vkir)df+^ 
4 



□ 



y^2F(f)dr+^) +o(fc°) 



+ / (v/-2Fi(r)- v/-2F(0)dr 

"y=:2^dr + ^^±i^+o(fc°). 

-Ro ^ 



ro 

oo 



Now (using Lemma ri0.9p 



■2-7r 



flo ^ -I M 



/•no 

/ y^dr = -5^Vfc(fcTT 



I n 

2-^ ^0 



Thus, 



akiO)-J (^^-2Vi{r)- ^-2V{r)yr 



2(2-^) 2-/i 



i?o ' +o(fc")- 



□ 



Appendix A. Elements of abstract scattering theory 



Various versions of stationary scattering theory can be found in the literature. 
In this appendix we give, in an abstract setting, a self-contained presentation of 
its elements used in our paper. It is a version of the standard approach contained 
e.g. in [Ya4|, adapted to our paper. In our stationary formulas for the scattering 
operator we use in addition ideas due to Isozaki-Kitada, see the proof of [IK2, 
Theorem 3.3]. 

A.l. Wave operators. Let Hq and H be two self-adjoint operators on a Hilbert 
space Ti.. We assume that Hq has only continuous spectrum. Throughout this 
appendix, let A„, n S N, be a sequence of compact subsets of a{Ho) such that A„ 
is a subset of the interior of A„+i, and such that ^{Ho) \ U„A„ has the Lebesgue 
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-Ro{X-ie)Ro{X + ie)fd\ 
I I" 



measure zero. Pick a sequence £ {An+i) with /i„ = 1 on A„. Let V := 
U„RanlA^ (iJo); it is dense in H. 

We will write i?(C) = (i? - C)"^ and i?o(C) = (i?o - C)"^ for C ^ cr(-f^o), and 

(5e(A) = — — " = -Ra{X - ie)i?o(A + le), e > 0. 

Note that if / is an interval and f E H, then 

"< 11/11, (A.l) 
lim / -Ro{X - ie)i?o(A + ie)/dA = li{Ho)f. (A.2) 

Theorem A.l. Suppose J* is a densely defined operator whose domain contains 
D such that :— J^hn{Ho) is bounded for any n, and 

hm \\J^e^'"°ff = \\ff, feV. 

t — >±oo 

We also suppose that there exists the wave operator 

W^f:^ lim e'^" J^e-'^""f, f eV. (A.3) 

t — >±oo 

Then 

(i) extends to an isometric operator and W^Hq = HW^ . 

(ii) For any interval I and f G V, 

W^li{Ho)f = lim / -i?(ATie)J=^i?o(A±ie)/dA. 



(A.4) 



(iii) For any continuous function g : R — > C vanishing at infinity, interval I and 
f^-D, 

W^g{Ho)liiHo)f = lim / -g{X)R{X T ie)J^ RoiX± ie)fdX. (A.5) 

(iv) Suppose in addition that maps T> into DomH. Suppose that is a 
densely defined operator such that := hn{Ho) is bounded for any n and 
that f = i{HJ^ — J^HQ)f for any f E T). Then we have the following 
modifications of (|A.4p and (jA.Sp .- 

W^li{Ho)f = lim /(J±+ii?(ATie)r±)(5e(A)/dA, (A.6) 

«N0 



W^giHo)liiHo)f - lim / g(A)(J*+ii?(ATie)r*)<5.(A)/dA. (A.7) 

Proof. is well-known. 

Let us prove jul: By (|A.3|) . 

W^f = lim2e / e'^'^e^'^" J^e^'^"° fdt. 

By the vector- valued Plancherel formula, we obtain 

W^f = lim / -i?(ATie)J'^i?o(A±ie)/dA. (A.8) 

e\,0 J TT 
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Therefore, 



-lim / -R{XTie)J^RoiX±ie)lK\i{Ho)fdX 
+ lim / -R{XTie)J^Ro{X±ie)li{Ho)fdX. 

We need to show that the last two terms vanish. The proof for both terms is 
identical. Consider the last one term. Let /i G 7i and pick an n so that / = 
lA„(ffo)/- Then (using (|A.ip in the last estimation) 

/ -{fi,R{X T ie)J^Ro{X ± ie)li{Ho)f)dX 
Jr\i 

< WJnWlf -|li?(A±i6)M|^dA) (/ -|li?o(A±i6)l,(ffo)/||'dA) 



< C,|l/i||; :=||J±|| 



-||i?o(A±i6)l,(i?o)/f dA 



Due to (|A.2p . ^ as e -> 0. Whence ^ follows. 

Let us prove ([m]) : Let fi E H and pick an n so that / — lA„(-ffo)/- Any 
continuous function g vanishing at infinity can be uniformly approximated by g™, 
finite linear combinations of characteristic functions of intervals. By (jHI and (|A.ip . 



Now 



W^g^m{Ho)li{Ho)f - lim / -g,„(A)i?(A T le) J*i?o(A ± le 



/ - (5m (A) - 5(A)) {h,R{X T le) J±i?o(A ± ie)/)dA 



)/dA. 



\R{X±ie)M^dX 



-||i?o(A±ie)/f dA) sup|g„-g| 

TT 



< Cm ||J±||/||sup|5m-5l 



Since Cm ^ we are done. 

To prove (|iv]), we use dm]) and the identity 

R{X T ^t)J^ = {J^ + i^(A T ie)T=^)i?o(A T le) 



□ 



Remark. Lr the context of our paper, we can take A„ — [^,«.]. 

A. 2. Scattering operator. Define the scattering operator by S :— W^*W^. 
Clearly, HqS ^ SHq. 

Theorem A. 2. Suppose that the conditions of Theorem \A.1\ hold. Let the operator 
satisfy 

\im e'*"j-e-''""f ^0, f eV. (A.9) 

Sf = -\im 2TT [ S,{X)W+*T-S,{X)fdX. (A.IO) 



Then for all f eV 



lim27r j 5,{X)W+*T- 5,{X)fdX. 
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Proof. 



W-f = - lim (e'*"j-e-'*"°-e-''"j-e''"°)f 



t 

lim / e''"T-e-"'""fds 



e\0 



lime / e-''dt f e^'^T'e-''"" fds 



J-t 



= -lim / e-'^'^e^'^T-e-'^^^fds. 

Then we use the definition of S and the intertwining property of W~^* to obtain 

5/ = -limy"e-'^l''le'^^'W+*T-e"'"-f^«/ds. 

Finally, we use the vector-valued Plancherel theorem. □ 

A. 3. Method of rigged Hilbert spaces applied to wave operators. Consider 
a family of separable Hilbert spaces H and V^, s > ^, such that Vs is densely 
and continuously embedded in 7i, and similarly, Vs is densely and continuously 
embedded in V* if s > t. Let V* be the space dual to Vg, so that we have nested 
Hilbert spaces 

VsQVtQHCVt C V*; s > t. 

We remark that Ti equipped with such a structure is sometimes called a rigged 
Hilbert space. 

The following theorem allows us to introduce wave matrices: 
Theorem A. 3. Fix s > t > Suppose that there exists for almost all A the limit 
s- limJ,(A) =: 6oi\) e BiVuV^)- 

e— +0 

Suppose the conditions of Theorem \A.l\ and that the operators and R{X^ie)T^ 
with X € A„ and e > extend to elements of B{Vf ,V*). Suppose that for fixed n 
and almost everywhere in A„ there exists 

i?(A=FiO)r± :=s- lim i?(A T ie)T^ e6(V;,V;). 
Suppose furthermore that for any n there exists e„ > such that 

sup sup ||(5c(A)||y , sup sup ||i?(A T le)?",? Ilv-^v < (A-H) 

AGA„ e<e„ * AgA„ e<eo * = 

Let I be an interval with I C A„ for some n, and let f (z Vt be given such that 
f = hn{H())f (in particular this means that f € V HVt). Then (in terms of an 
integral of a V* -valued function), for all g G C°°(K), 

W^g{Ho)li{Ho)f ^ J^g{X){j^ +iR{XTiO)T,f)So{X)fdX. (A.12) 

Proof. We can replace T"^ , J* — > in the integrand of (|A.7p . Then, by 

the assumptions, it has a pointwise limit as an element of V*. Due to (jA.ll[) . we 
can apply the dominated convergence theorem. □ 

Remark. In the context of our paper, we take := L^'^. 
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A. 4. Method of rigged Hilbert spaces applied to the scattering operator. 

The method of rigged Hilbert spaces allows us to introduce scattering matrices: 

Theorem A. 4. Suppose that the conditions of Theorem \A.3\ hold for some s > t > 
^. Suppose ()A.9|1 . Fix r > s. Suppose that for all n £ M. and e > the operators 
T~i5e(A) € B{Vr,Vs) with a measurable dependence on A e R. Suppose that for 
fixed n and almost everywhere in A„ there exists the limit 

Suppose furthermore that for any n there exists e„ > such that 

sup sup ||Tj^(5e(A)|| < oo. (A. 13) 

Let I he an interval with I C A„ for some n, and let fi G VClVt and /2 G 2? H Vr 
be given such that fi = l/(-ffo)/i o-n-d /2 = /in(^^o)/2- Then 

{fi,Sf2) = ~2tt J^{f^,So{X)J+*T-5o{X}f2)dX 

+27ri J^{fi,6o{X)T+* R{\ + iO)T-SoiX)f2)dX. 

Proof Set r^{X) :;^(Jt+^- We insert (|XT2l) with .g(A) = r^{X - Ai) into fOO)) : 

(/i,^/2> = -lim27r /(/i,Je(Ai)W^+*T-<5,(Ai)/2>dAi 

= -lim27r/ f r,iX-Xi){fi,So{X){j+* -iT+*R{X + iO))T-S,iXi)f2) 
= -lim27r /(/i,5o(A)(J+*-iT+*i?(A + iO))T-<52,(A)/2)dA. 

nO J j 

In the last step we interchanged integrals using (|A.13[) and the Fubini theorem, and 
we used that 

I <5,(Ai)r,(A-Ai)dAi =J2e(A). 
Then we pass with e — *■ using (jA.lSp and the dominated convergence theorem. □ 
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